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ABSTRACT

In this paper a I' -semigroup S with identity, if VA = M for some T -ideal of S, where M is the
unique maximal I'-ideal of S, then A is a primary T -ideal. It is proved that if Sisa Tl -
semigroup with identity, then for any natural number n, (MI')"*M is primary T -ideal of S,
where M is the unique maximal I'-ideal of S. Further it is proved that in quasi commutative -
semigroup S, a I'-ideal A of S is left primary iff A is right primary. It is proved that in
semipseudo symmetric semiprimary I'-semigroup, globally idempotent principal I'-ideals
form a chain under set inclusion. In a semisimple I'-semigroup S it is proved that the
conditions every ideal of S is prime, S is a primary I'-semigroup, S is a left primary T-
semigroup, S is a right primary I'-semigroup, S is a semiprimary ['-semigroup, prime I'-ideals
of S form a chain, principal I'-ideals of S form a chain, I'-ideals of S form a chain are
equivalent.

Mathematical subject classification (2010) : 20M07; 20M11; 20M12.

KEY WORDS: left primary I'-ideal, right primary I'-ideal, primary I'-ideal, left primary I'-
semigroup, right primary I'-semigroup and primary I"'-semigroup, semiprimary I'-ideal.

1. INTRODUCTION :

I'- semigroup was introduced by Sen and Saha [13] as a generalization of semigroup.
Anjaneyulu. A [1], [2] and [3] initiated the study of pseudo symmetric ideals, radicals,
semipseudo symmetric ideals in semigroups and N(A)-semigroups and primary and
semiprimary ideals in semigroups. Giri and wazalwar [6] intiated the study of prime radicals
in semigroups. Madhusudhana Rao, Anjaneyulu and Gangadhara Rao [7], [8], [9] , [10] and
[11]initiated the study of pseudo symmetric I'-ideals, prime I'-radicals and semipseudo
symmetric [-ideals in I'-semigroups , N(A)-semigroups and pseudo integral I'-senugroup. In
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this paper we introduce the notions of primary and semiprimary I'-ideals in I'-semigroup and
characterize primary I'-ideals and semiprimary I'-ideals in I'-semigroup.

2. PRELIMINARIES :

DEFINITION 2.1: Let S and T" be any two non-empty sets. S is called a I'-semigroup if
there exist a mapping from Sx I' xS to S which maps (a, a, b) —>aa b satisfying the
condition : (ayb)uc = ay(buc) for alla,p,c e Mand y, p €T.

NOTE 2.2: Let S be a I'-semigroup. If A and B are subsets of S, we shall denote the set
{ aob : a€A ,beB and a€l } by AI'B.

DEFINITION 2.3: An element a of a I'-semigroup S is said to be a left identity of S
provided aos = s foralls eSand a €T.
DEFINITION 2.4: An element ‘a’ of a I'-semigroup S is said to be a right identity of S
provided saa =sforalls eSand a € T.

DEFINITION 2.5: Anelement ‘a’ of a I'-semigroup S is said to be a two sided identity or an
identity provided it is both a left identity and a right identity of S.

NOTATION 2.6: Let S be a I'-semigroup. If S has an identity, let S' = S and if S does not
have an identity, let S* be the T-semigroup S with an identity adjoined usually denoted by the
symbol 1.

DEFINITION 2.7: A T-semigroup S is said to be commutative provided ayb = bya for all
abeSandyer.

DEFINITION 2.8: A I'-Semigroup S is said to be quasi Commutative provided for all
a,b €S, there exists a natural number n such that, a)b = (by)"avy eT .

DEFINITION 2.9: A I'- Semigroup S is said to be a globally idempotent I~ semigroup
provided SI'S = S.

DEFINITION 2.10: A T- semigroup S is said to be a left duo I~ semigroup provided every
left T- ideal of S is a two sided I'- ideal of S.

DEFINITION 2.11: A T- semigroup S is said to be a right duo I'- semigroup provided every
right T- ideal of S is a two sided I'- ideal of S.

DEFINITION 2.12: A T- semigroup S is said to be a duo I'- semigroup provided it is both a
left duo I'- Semigroup and a right duo I'- Semigroup.

DEFINITION 2.13: A nonempty subset A of a I'-semigroup S is said to be a left I'- ideal
provided STA € A.

DEFINITION 2.14: A nonempty subset A of a I'-semigroup S is said to be a right
I'-ideal provided AT'S € A.

DEFINITION 2.15: A nonempty subset A of a I'-semigroup S is said to be a two sided
I'- ideal or simply a I'- ideal provided it is both a left and a right I'- ideal of S.
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DEFINITION 2.16: A T- ideal A of a I'-semigroup S is said to be a principal T'- ideal
provided A is a I'- ideal generated by single element a. It is denoted by J[a] = <a>.

NOTE 2.17: If S is a I'-Semigroup and a € S, then
<a>={a}ual'SuSlrausrars=SsTars"

DEFINITION 2.18: A T- ideal A of a I'-semigroup S is said to be a completely prime
I'- ideal provided xI'y € A ; x, y € S implies either x e Aory € A.

DEFINITION 2.19: A T-ideal A of a I'-semigroup S is said to be a prime I'- ideal provided
XTYCA; XY areI'- ideal of S, then either X € Aor YC A.

DEFINITION 2.20: A T- ideal A of a I'-Semigroup S is said to be a completely semiprime
I'- ideal provided xI'x € A ; x € S implies either x € A.

DEFINITION 2.21: A T- ideal A of a I'-Semigroup S is said to be a semiprime I'- ideal
provided XI'S'Tx € A ; x € S implies x € A .

THEOREM 2.22 [8]: Every prime I'-ideal of a I'-semigroup S is a semiprime I'-ideal of
S.

DEFINITION 2.23: A T'-ideal A in a I'-Semigroup S is said to be a semipseudo symmetric
I'-ideal provided for any natural number n, x € S, (xI)"'x c A
= (<x>T)"<x> C A

3. PRIMAY T-IDEALS:

DEFINITION 3.1: A T-ideal A of a I'-semigroup S is said to be a left primary I-ideal
provided

i) If X, Y are two I'-ideals of S such that XTY € Aand Y &€ Athen X © VA.

ii) VA is a prime I'-ideal of S.

DEFINITION 3.2: A I'-ideal A of a I'-semigroup S is said to be a right primary I-ideal
provided

i) If X, Y are two I'-ideals of S such that XTY € Aand X £ AthenY < VA.

ii) VA is a prime I'-ideal of S.

DEFINITION 3.3: A T-ideal A of a I'-semigroup S is said to be a primary I-ideal provided
A is both a left primary I'-ideal and a right primary I'-ideal.

THEOREM 3.4: Let A be a I'-ideal of a I'-semigroup S. If X, Y are two I'-ideals of S
such that XI'Y € Aand Y & A then X € VA ifandonlyif<x>T<y>cAandy A, x
€ VA.

Proof : Suppose that A is a I'-ideal of a I'-semigroup S and if X, Y are two I'-ideals of S such
that XI'Y S Aand Y € Athen X S VA. Letx,yE€S,y&A. Then<x>I'<y>C XI'Y S A
and <y > & A. Therefore by supposition <x>T<y>cAand<y>¢Z A= < x> c VA.
Therefore x € VA.
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Conversely suppose thatx,y € S, < x>T<y>c Aandy & A thenx € VA. Let X, Y be two
T-ideals of S such that XI'Y € A and Y & A. Suppose if possible X & VA. Then there exists
x €X such that x ¢vVA. Since Y & A, lety €Y sothaty € A. Now <x>T'<y>c XI'Y S A
andy ¢ A=>XxE€ VA. It is a contradiction. Therefore X < VA. Therefore if X, Y are two -
ideals of S such that XI'Y € Aand Y & A then X € VA.

THEOREM 3.5: Let A be a I'-ideal of a I'-semigroup S. If X, Y are two I'-ideals of S
such that XITY € A and X ¢ Athen Y € VA ifand onlyif <x >T <y > € A and
Xg A, yEVA.

Proof : The proof is similar to the theorem 3.4.

THEOREM 3.6: Let S be a commutative I'-semigroup and A is a I'-ideal of S. Then the
following conditions are equivalent.

1) Ais a primary I'-ideal.

2) X, Y aretwo I'-ideals of S, XIT'Y € Aand Y € Athen X S VvA.

3)x,yES,XTYCS A,y ¢ AthenxeVA.

Proof: (1) = (2) : Suppose that A is a primary I'-ideal of S. Then A is a left primary I'-ideal
of S. So by definition 3.1, we get X, Y are two I'-ideals of S, XTY S A Y ZA=> X C VA.

(2) = (3): Suppose that X, Y are two I'-ideals of S, XI'Y € A and Y & A then X € VA. Let
X, YES,XTYC A YZA xXTYyCA=><x>T'<y>cCAalsoygA=<y>ZA.

Now <x>T<y>c Aand <y > ¢& A Therefore by assumption < x > € VA
= x e VA.

(3) = (1) : Suppose that x, y € S, xTy € A, y & A then x € VA. Let X, Y are two I-ideals of
SXIYCAandY £A. Y & A= thereexistsy € Y suchthaty ¢ A.

Suppose if possible X ¢ VA. Then there exists x €X such that x ¢VA.

Now xI'y € XTY € A. Therefore xl'y S Aandy & A, x ¢VA.

It is a contradiction. Therefore X € VA. Letx,y € S, xI'y € VA. Suppose that y & VA.

Now xI'y € VA = (xIyI)™(xI'y) €A = (xI)™xI'(yI)™y € A.

Sincey & VA, (y1)™y ¢ A. Now (xD)™XxI(yD)™y € A, (yD)™y ¢ A= (xI)™'x € VA=
x € VWA) = VA. VA is a completely prime T-ideal and hence VA is a prime T-ideal.
Therefore A is a left primary I'-ideal. Similarly A is a right primary I'-ideal. Hence A is a
primary I'-ideal.

NOTE 3.7: In an arbitrary I'-semigroup a left primary I'-ideal is not necessarily a right
primary I'-ideal.

EXAMPLE 3.8 : Let S={a, b, c} and I' = {x, y, z}. Define a binary operation . in S as
shown in the following table.
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Define a mapping S X I' X S — Sbyaab =ab, foralla,b € Sand @ €T'. Itis easy to see
that S is a [-semigroup. Now consider the I'-ideal < a > = S'TaI'S* = {a}. Letpl'q € <a >,
pg<a>=qg€eV<a>=(qg)"'gcS<a>forsomene€N. SincebI[ccS<a>cg¢<a>=
b € <a>. Therefore < a>is left primary. Ifb & <a>then (cI"'c ¢ <a>foranyneN=
c ¢ V<a>. Therefore < a > is not right primary.

THEOREM 3.9: Every I'-ideal A in a I'-semigroup S is left primary if and only if every
I'-ideal A satisfies condition (i) of definition 3.1.

Proof : If every I'-ideal A of S is left primary, then clearly every I'-ideal satisfies condition (i)
of definition 3.1. Conversely suppose that every I'-ideal of S satisfies condition (i) of
definition 3.1. Let A be any I'-ideal of S. Suppose < x> T'<y> < VA. Ify € VA then by
our supposition x € V(vVA) = VA. Therefore VA is a prime I'-ideal. Hence A is left primary.

THEOREM 3.10: Every I'-ideal A in a I'-semigroup S is right primary if and only if
every I'-ideal A satisfies condition (i) of definition 3.2.

Proof : The proof is similar to the proof of theorem 3.9.

DEFINITION 3.11: A I'-semigroup S is said to be left primary provided every I'-ideal of S
is a left primary I'-ideal.

DEFINITION 3.12: A I'-semigroup S is said to be right primary provided every I'-ideal of S
is a right primary I'-ideal.

DEFINITION 3.13: A I'-semigroup S is said to be primary provided every I'-ideal of S is a
primary I'-ideal.

THEOREM 3.14: Let S be a I'-semigroup with identity and let M be the unique
maximal T-ideal of S. If VA = M for some I'-ideal of S. Then A is a primary T-ideal.

Proof :<x>T'<y>c Aandy ¢ A. Ifx& VAthen<x>¢& VA =M. Since M is the union
of all proper I'-ideals of S, we have <x>=Sand hence<y>=<x>T'<y>CA. ltisa
contradiction. Therefore x € VA, Let<x>T<y>cVAand <y> ¢ VA. Since M is the
maximal T-ideal, we have < x >=S. Hence<y>=<x>T<y>c VA, Itisa contradiction.
Therefore < x > € VA. Similarly if < x > ¢ VA, then <y > € VA and hence VA =M is a
prime I'-ideal. Thus A is left primary. By symmetry it follows that A is right primary.
Therefore A is a primary I'-ideal.

NOTE 3.15: If a I'-semigroup S has no identity, then the theorem 3.14, is not true, even if the
I-semigroup S has a unique maximal I-ideal. In example 3.8, V< a > = M where M = {a, b}
is the unique maximal I'-ideal. But <a > is not a primary I'-ideal.

THEOREM 3.16: If S is a I'-semigroup with identity, then for any natural number n,
(MI)™M is primary T-ideal of S where M is the unique maximal I'-ideal of S.

Proof : Since M is the only prime T-ideal containing (MI)™*M, we have v((MI')"*M) = M
and hence by theorem 3.14, (MI')"™'M s a primary I'-ideal.

NOTE 3.17: If S has no identity then theorem 3.16, is not true. In example 3.8, M = {a, b} is
the unique maximal I'-ideal, but MT'M = {a} is not primary.
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THEOREM 3.18: In quasi commutative I'-semigroup S, a I'-ideal A of S is left primary
iff right primary.

Proof : Suppose that A is a left primary I'-ideal. Let xI'y € A and x € A. Since S is a quasi
commutative I'-semigroup, we have xI'y = (yI')"x for some n € N. So (yI)"x = (yI)""yI x and
x & A. Since A is left primary, we have (yI')"'y € VA and since VA is a prime I'-ideal, y €
VA. Therefore A is a right primary T-ideal. Similarly we can prove that if A is a right
primary I'-ideal then A is a left primary I'-ideal.

COROLLARY 3.19: If Ais a I'-ideal of a quasi commutative I'-semigroup S, then the
following are equivalent.

1) Ais primary

2) Ais left primary

3) Ais right primary

4. SEMIPRIMARY T'-IDEALS:

DEFINITION 4.1: A I'-ideal A of a I-semigroup S is said to be semiprimary provided VA is
a prime I'-ideal of S.

DEFINITION 4.2: A T'-semigroup S is said to be a semiprimary I'-semigroup provided
every I'-ideal of S is a semiprimary I'-ideal.

THEOREM 4.3: Every left primary or right primary I-ideal of a I'-semigroup is a
semiprimary I'-ideal.

THEOREM 4.4: Let S is a I'-semigroup (not necessarily with identity) and let A be a
I-ideal of S with VA is a maximal I'-ideal of S. Then A is a semiprimary I'-ideal.

Proof : If there is no proper prime I'-ideal P containing A, then every prime I'-ideal equal to
S. Then the intersection of all prime I'-ideals = S = VA. But VA is maxima I-ideal which
implies VA must be proper. Therefore there exists a proper prime I'-ideal P containing A.
Now VA € P € S and VA is maximal, we have VA = P. Therefore VA is a prime I'-ideal and
hence A is a semiprimary I'-ideal.

THEOREM 4.5: If Ais a semiprime I'-ideal of a I'-semigroup S, then the following are
equivalent.

1) Alis a prime I'-ideal.

2) Alis a primary I'-ideal.

3) Ais a left primary I'-ideal.

4) Ais a right primary I'-ideal.

5) Ais a semiprimary I'-ideal.

Proof: (1) = (2) = (3) = (5) and (2) = (4) = (5) are clear.

(5) = (1) : Suppose that A is a semiprimary I'-ideal. Then VA is a prime I'-ideal. Since A is
semiprime, A is the intersection of all prime T-ideals of S containing A. Therefore A = VA is
a prime I'-ideal.

THEOREM 4.6: A T-semigroup S is semiprimary iff prime I'-ideals of S form a chain
under set inclusion.

Proof : Suppose that S is a semiprimary I'-semigroup. Let A and B are two prime I'-ideals of
S. Now V(A N B)=+vA N VB = A N B. Therefore A N B is semiprime. By theorem 4.5,
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Since S is a semiprimary ['-semigroup, it follows that A N B is prime. Suppose that A € B
and B € A. Then there exists x € A\B and y € B\A.

Now < x>I'<y>c ANBand X, y € AN B. It is a contradiction. Therefore
prime I'-ideals of S form a chain.

Conversely suppose that prime I'-ideals of S form a chain under set inclusion. For every
I-ideal A, VA = NP,, where intersection is over all prime I'-ideals P, containing A yields
VA = P, for some a, so that A is a semiprimary I'-ideal. Therefore S is a semiprimary
I'-semigroup.

THEOREM 4.7: In a semipseudo symmetric semiprimary I'-semigroup S, globally
idempotent principal I'-ideals form a chain under set inclusion.

Proof : Let < a >, <b > are two globally idempotent principal I'-ideals of S. Since S is
semiprimary I'-semigroup, we have V< a > and v'< b> are prime I'-ideals and by theorem 4.6,
either V<a>c+V<b>orv<b>c+v<a> Assumethat Vv<a>c+<b> thenae<a>
cV<a>cV<b> Ifae<b>then(<a>T)"<a>c<b>forsomeneN. Since<a>
is a globally idempotent principal I'-ideal, <a>=<a>T'<a>c <b>. Therefore<a>Cc
<b>. Similarly we can show that if V< b>c v <a >,

then <b > € <a>. Therefore globally idempotent principal I'-ideals form a chain under set
inclusion.

NOTE 4.8: In an arbitrary I'-semigroup S, I'-idempotents need not form a chain under natural
ordering, even if S is pseudo symmetric primary I'-semigroup. For example in a left zero I'-
semigorup, I'-idempotents do not form a chain under natural ordering.

NOTATION 4.9: For any I'-semigroup S, let Es denotes the set of all I'-idempotents of S
together with the binary relation denoted by e < f if and only if e = eaf = ffe for
e,feEE, a FET.ie ecelf=1Te.

THEOREM 4.10: Let S is a duo semiprimary I'-semigroup, then the I'-idempotents of S
form a chain under natural ordering.

Proof : Let e and f are two I'-idempotents of S. Since S is a semiprimary I'-semigroup,
V< e > and V< f > are prime I'-ideals of S. By theorem 4.6, either V< e > < V< f > or
V<f>CV<e> AssumethatV<e>cCV<f> Sinceee<e>CV<e>cCV<f>, wehave
e € V< f>. Since S is a duo I'-semigroup, V< f > = {x €S : (xI')"'x € < f > for some n € N}.
Thus, since e is a I'-idempotent, we have e € < f>. Since S is a duo I'-semigroup, e e<f> =
f[’'S = ST'f and hence e = fas = t4f for some s, t € S, a, F€T. So eaf = tffaf = t4f = e and
ffe = f5fas = fas =e. Therefore e <f. Similarly we can prove that if V<f> < <e> thenf
< e. Hence I'-idempotens of S form a chain under natural ordering.

THEOREM 4.18: If a I'-semigroup S is regular then every principal I'-ideal of S is
generated by a I'-idempotent.

Proof: Suppose S is a regular I'-semigroup. Let < a > is a principal I'-ideal of S. Since S is
regular, there exists x € S and @, £ € T’ such that a = aax/a.

Now (aax)faax) = aaxfaax = (aaxfa)ax = aax. Letaax =e.
a-aaxfa=-efae<e>=><a>c<e> Nowe=-aax€<a>=<e>C<a> Therefore
< a > = < e > Therefore every principal T-ideal is generated by a
I'-idempotent.

THEOREM 4.19: In a semisimple I'-semigroup S, the following are equivalent.
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1) Every I'-ideal of S is a prime I'-ideal.
2) Sis a primary I'-semigroup.
3) Sis a left primary I'-semigroup.
4) Sis a right primary I'-semigroup.
5) S is a semiprimary I'-semigroup.
6) Prime I'-ideals of S form a chain.
7) I'-ideals of S form a chain.
8) Principal I'-ideals of S form a chain.
If in addition S is duo, then the above statements are equivalent to
9) I'-idempotents of S form a chain under natural ordering.

Proof : Since S is semisimple, <x>=<x>T<x>forall x € S. Let A be any I'-ideal of S.
XES, <X>I<x>CA=<x>c A= xeA. Therefore A is semiprime. Therefore every
I-ideal of a semisimple I'-semigroup is semiprime. By theorem 4.5, (1) to (5) are equivalent.
By theorem 4.6, (5) and (6) are equivalent. By theorem 4.7, (5) implies (8). By theorem
4.11, (7) and (8) are equivalent.

(7) = (6) : Suppose that I'-ideals of S form a chain. So prime I'-ideals of S form a chain.
Hence the conditions (1) to (8) are equivalent. If S is a duo I'-semigroup, since S is
semisimple, then by theorem 4.17, S regular and hence by theorem 4.18, every principal
I-ideal is generated by a I'-idempotent. So (8) and (9) are equivalent.

THEOREM 4.20: In aT-semigroup S, the following conditions are equivalent.
1) Every I'-ideal of S is prime.
2) S is a semisimple primary T'-semigroup.
3) S is a semisimple semiprimary I'-semigroup.

Proof : (1) = (2): Suppose that every I'-ideal of S is prime. Let A is a I'-ideal of S. Then A
is a prime I'-ideal of S. By theorem 2.36[3], A is a semiprime T'-ideal and by theorem 4.5, A
is a primary I'-ideal. Therefore S is a primary I'-semigroup. Leta € S. Since every I'-ideal
is prime. Therefore<a>T <a> < <a >, we have
<a>c<a>l<a>andhence<a>=<a>TI<a> Soaissemisimple. Therefore S isa
semisimple primary I'-semigroup.

(2) = (3) : Suppose that S is a semisimple primary I'-semigroup. Since every primary
I'-semigroup is a semiprimary I'-semigroup. Therefore S is a semisimple semiprimary
'-semigroup.

(3) = (1) : Suppose that S is a semisimple semiprimary I'-semigroup. By theorem 4.19,
every I'-ideal of S is prime.

COROLLARY 4.21: In aT-semigroup S, the following conditions are equivalent.
1) Every I'-ideal of S is prime.
2) S is a semisimple I'-semigroup.
3) I'-ideals of S form a chain.

Proof : (1) = (2) : Suppose that every I'-ideal of S is prime. By theorem 4.20, S is a
semisimple primary I'-semigroup.

(2) = (3) : Suppose that S is a semisimple I'-semigroup. By theorem 4.19, I'-ideals of S form
a chain.

(3) = (1) : Suppose that S is a semisimple I'-semigroup and (prime) I'-ideals of S form a
chain. Then by theorem 4.19, every I'-ideal of S is prime.

THEOREM 4.22: In a duo I'-semigroup S, the following conditions are equivalent.
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1) Every I'-ideal of S is prime.

2) S is a regular primary I'-semigroup.

3) Sisa regular semiprimary I'-semiprimary.

4) S is a regular I'-semigroup and I-idempotents in S form a chain under natural
ordering.

Proof : (1) = (2): Suppose that every I'-ideal of S is prime. By theorem 4.20, S is
semisimple primary I'-semigroup and S is semisimple semiprimary I'-semigroup. By
theorem 4.17, S'is regular. Therefore S is regular primary I'-semigroup.

(2) = (3): Suppose that S is a regular primary I'-semigroup. Since every primary
['-semigroup is a semiprimary [-semigroup. Therefore S is a regular semiprimary
'-semigroup.

(3) = (4): Suppose that S is regular semiprimary I-semigroup. By theorem 4.18,
'-idempotents in S form a chain under natural ordering.

(4) = (1): Suppose that S is a regular I'-semigroup and I'-idempotents in S form a chain under
natural ordering. Then by theorem 4.18, every I'-ideal of S is prime.

DEFINITION 4.23: An element a of a I'-semigroup S is said to be regular provided a =
aaxpfa, forsomex €S, a, F€T.i.e,a € alSlra [34].

DEFINITION 4.24: A T- semigroup S is said to be a regular I'- semigroup provided every
element is regular.

THEOREM 4.25: A I'-semigroup S is regular I'-semigroup if and only if every principal
I'-ideal is generated by an idempotent.

Proof: Suppose that S is a regular I'-semigroup. Let < a > be a principal I'-ideal of S. Since
S is a regular I'-semigroup, there exists x € S, a, £ € T such that a = aaxfa. Letaax =e,
sincea=aaxpfa=-efac<e>and e=aax € <a>. Therefore <a>=<e>and hence every
principal I'-ideal is generated by an idempotent.

Conversely, suppose that every principal I'-ideal 0s S generated by an idempotent. Therefore
<a>=<e> Suppose a € < a > c alST'a = a = aaxpfa, for some x € S,
o, fET.

DEFINITION 4.26: An element a of a I'-semigroup S is said to be left regular provided a =
aaapx, forsomex €S, a, F€T.ie,a € alrars.

DEFINITION 4.27: An element a of a I'-semigroup S is said to be right regular provided a
= xaafa, forsomex €S, a, F€T.i.e a € STlal'a.

DEFINITION 4.28: An element a of a I'-semigroup S is said to be completely regular
provided, there exists an element x € S such that a = aaxfa for a, /€ I' and aax = xfa, for
all yeT.i.e,a€alx'aandalx = xI'a.

DEFINITION 429: A TI- Semigroup S is said to be completely regular
I'- Semigroup provided every element is completely regular.

DEFINITION 4.30: Let S be a I'-semigroup,a€ Sand &, € T. Anelementb € S is said to
be an (a, p)-inverse of a if a = aabfa and b = bgaab.

THEOREM 4.31: If ais a regular element if and only if a has an (&, £)-inverse.
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Proof : Let a be a regular element then a = aabga, forsomeb €S, a, € I'. Therefore
aa(bfaab)fa = (aabpa)abfa = aabfa = a and (bfaab)faa (bfaab) = bflaabpfa)a
(bfaab) = bpaa(bpfaach) = bf(aabpfa)ab = bpaab.  Therefore bpgaab is the
(a, p)-inverse of a.

Conversely suppose that b is an (a, f)-inverse of a. Then a = aabfa and b = bgaab.
Therefore a = aaba and hence a is regular.

DEFINITION 4.32: An element a of I'- semigroup S is said to be semisimple provided a € <
a>I'<a> thatis,<a>I'<a>=<a>.

DEFINITION 4.33: A T- semigroup S is said to be semisimple I'- semigroup provided every
element is a semisimple.

DEFINITION 4.34: An element a of a I'- semigroup S is said to be intra regular provided a
= xaaPayy for some x,y €S and a,p,y€r.

EXAMPLE 4.35: Let S = {0, a, b}. then define the caylay table as in the example 1.4.32, S
is intra regular I'-semigroup.

THEOREM 4.36: If ‘a’ is a completely regular element of a I'- Semigroup S, then a is
regular and semisimple.

Proof: Let a is completely regular of a I'- Semigroup S. i.e. a € al'xI'a, al'x = xI'a for some x
€ S, implies a is regular. Suppose a is regular, implies a € al'xl'a € <a > I' < a >. Therefore
a is semisimple.

THEOREM 4.37: Let S is aI'-semigroup and a € S. Then a is completely regular if and
only if a is both left regular and right regular.

Proof : Suppose a is completely regular. Then a € al'ST’'a and aI'S = STa.

Now a € aI'ST'a = al'al'S. Therefore a is left regular.

Also a € aI'STa = ST'al'a. Therefore a is right regular.

Conversely suppose that a is both left regular and right regular.

Then a € alal'S,a € Sl'al'a. Ifa € al'al’'S, then a = aca/x for somex € S, @, F€T.
If a € SI'al'a, then a =ypada forsomey € S, y, SeT.

Now a = aca/x = aa(a)px = aa(yyada)px = aayy(adapx) = a € al'ST'S = arl'S.

And a =yypada = yp(a)da = yy(aaax)da = (yyaaa)xda =a € SI'ST'a = ST'a.
Therefore S = aI'S = ST'a.

Now aafyfasx)aa = (aayfa)fxaa = afxaa = a.

And (yFapx)aaalyfasx) = yAapxaa)ayfafx = ypaayfapx = yfaayfa)fx = ypapx.
Also aa(ypapx) = (aayfa)fx = afx = ypaaask = yfa = yfapxaa) = (yfapx)aa.

Therefore a is completely regular.

THEOREM 4.38: If ‘a’ is a left regular element of a I'- Semigroup S, then a is
semisimple.

Proof: Suppose that a is left regular. Then a € al'al'x and hence a € <a > T <a >. Therefore
a is semisimple.

THEOREM 4.39: If ‘a’ is a right regular element of a I'- Semigroup S, then a is
semisimple.

Proof: Suppose that a is right regular. Then a € al'al'x and hence a € <a >T < a >.
Therefore a is semisimple.
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THEOREM 4.40: If ‘a’ isa regular element of a I'- Semigroup S, then a is semisimple.

Proof: Suppose that a is regular element of I'-semigroup S. Then a = aax/a,
forsomex €S, a, €I and hence a € <a >T <a>. Therefore a is semisimple.

THEOREM 4.41: If ‘a’ is a intra regular element of a I'- Semigroup S, then a is
semisimple.

Proof: Suppose that a is intra regular. Then a € xT'al'al'y for x,y€S and hence a € < a >
Therefore a is semisimple.

THEOREM 4.42: If S is a duo I'-semigroup, then the following are equivalent for any
elementa € S.

1) a is completely regular.

2) aisregular.

3) a is left regular.

4) a is right regular.

5) a isintra regular.

6) a is semisimple.

Proof : Since S is duo I'-senugroup, aI'S' = S'Ta.

We have aI'S'Ta = aral'S' = S'Tala=<ala>=<a>T<a>.

(1) = (2): Suppose that a is completely regular. Then for some x € S, a, F € T'; a = aaxpfa
and aax = xaa. Therefore a is regular.

(2) = (3): Suppose that a is regular. Then for some x € S, a, F € T'; a = aaxpfa.

Therefore a € al'S'T'a = alal'S' = a = ayady forsomey € S*, y, S€T.

Therefore a is left regular.

(3) = (4): Suppose that a is left regular. Then for some x € S, a, £ € T'; a = aaafx.
Therefore a € aral'S' = S'ral'a = a = ypada forsomey € S*, y, S€T.

Therefore a is right regular.

(4) = (5): Suppose that a is right regular. Then for some x € S, a, F € T'; a = Xaapa.
Thereforea € S'Tala=<a>T'<a>=a=xaafayy forsomex, y € S'and «, §, y €T.
Therefore a is intra regular.

(5) = (6): Suppose that a is intra regular.

Then for some x, y € S' and @, £, y € T; a = xaafapy. Thereforea€ <a>T<a >
Therefore a is semisimple.

(6) = (1): Suppose that a is semisimple. Thena€<a>T<a>=alal'S' = S'Tala

= a € azafx = yyada for some x, y € S'and «, S, y, & € I'. Therefore a is both left regular
and right regular. By theorem 1.4.46, a is completely regular.
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