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In this paper we have proved a theorem on ¢ — W, D,

E k > 1 Summability.
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1. Introduction:

Let {sn }denote the nth partial sum of an infinite series Zan and let { n} be a sequence

of positive real constants such that

(1.1) P = Zn:pv — o, forn=012,. (P =p, =0,i<0)

v=0

Then the sequence-to-sequence transformation given by

(12) T, =,%vasv ,

n v=0

defines the (N, D, )mean of the sequence {s, }.

The series Zan 1s said to be W,pn

k,k >1 [1] summable if
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(13) z(ﬂ]

n=l1 pn

n—1

Taking p, =1 for all n, N, 1|, summability method.

. summability reduces to

Further suppose {gon }be a sequence of positive real numbers, then the series Zan is said

,k >1summable if

to be (0—‘N,pn .

(1.4) ngk !

n=1

n— l|

Taking p, =1 forall n, ¢ — ‘N, P, ‘k Summability reduces to ¢ —

2. Concerning the , in 1957 Flett [2] has established the
following result. He proved
Theorem-A:

Let o, and 7,denote the (C,1)mean of the sequence {s, }and {na, }respectively that is

1 s,
2 n+14- Z
and
i va,
@) n+14o2 Z
Then the series Zan i1s summable |C, . Lk >1iff

2.1) il

n=

S

Further in 1995, Seyhan [4] extended the result of Flett to ¢ —

Theorem-B:

Let o, and 7,be as defined in theorem-A and let {p, }be a sequence of positive real

numbers. Then the series Zan is summable ¢ —|C.]| ,k > 1,iff
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k-1

2.2) 3 i 7| <o,
n=1

In 2010 Mishra U.K., Panda. S.P. and Panda S.P. [3] have proved theorem-A to W, )

k

Summability methods. They proved:

Theorem-C:

Let {t, }denote the (N, pn)-mean of the sequence {na,}and {T,}be the sequence as

defined in (1.2), where {pn }be a sequence of positive real constants satisfying the following

conditions:

(@) np, = O(P,)

(b) P, =O0(np,)
and

(©) n|Ap,| = O(p,)
Then Zan 18 summable‘N, P, k,k >1,iff
(2.3) > <o,

n=1 n

3. In this chapter we establish a similar theorem for gp—‘ﬁ, P,

k,k >1, Summability method.

Hence we prove the following:

Theorem-3.1:

Let {7 }and{t,}denote the sequences (N, pn)-mean of the sequence {s,} and {na,}

respectively where{ n},{pn} b the sequences of positive real constants satisfying the following

conditions:

(3.1) np, =O(F,)
(3.2) P, =0(np,)
(3.3) n|Ap,, =0(p,)
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and
(3.4) P _ o)
n
Then the series Zan is summable ¢ — W, P, Jk>1, 1ff
w k-1
?, k
(3.5) > ] <
n=1 N

This theorem generalizes theorem-A,B and C.
4. We require the following lemma to prove theorem-3.1.
Lemma-4.1[3]:

Let { D, }be a sequence of positive real constants satisfying (i) and (ii) of theorem-C then

4.1) Pua =0(p,)
and

(4.2) P, =0(p,..)
holds good.

5. Proof of Theorem-3.1:

Sufficient Part (c):

Since {t, } is the (N, D, )-mean of the sequence {na, }, we have

1 n 1 n
5.1 t =— va, =— va
(5.1) = ;pv ; Pﬂ;pv ,
Then Pt —P t ,=npa,
Pt —P .t
(52) = an —__nn n—1"n-1
np,

Now we have

1 &
Tn _F;pvsv

n

1212
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1 n v
—F;pv;az

n

n A=0 v=A4
1 n
__Za,l (Pn P, 1)
n A=0
n 1 n
=>a,—)> a,P,
~ 2 P = L
Then
(5.3) v =T,-T,,
n 1 n n—1 1 n
= Zaﬂ __Za/lp/l—l _Za/l +_Zanp,1—1
A=0 I)n A=l A=0 n-1 A=l
1 1 & P .a
=a,+|—-—1> a,P,_ ——1"
n (Pn_l Pn j; A5 A1 Pn
~ p n—1
=q |1-—L |+ £ a,P
n[ Pn j Pn n—l; o
p n—1
= " a,P
PnPn 1 ; e
Using (5.2) we get
vT
pn C R/tv _Rf—ltv—l
v—1
PnPn—l v=1 WV

— pn ipv—lpvtv _ pn C Pvz—ltv—l
P P71 v=1 ‘pv [)nPn—l v=l ‘p

tn pn < Pvflpvtv pn G Pvztv
= —+4 —_
n PnR1—1 ; ‘pv PnPn—l ;(V—'_l)pvﬂ
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pr[ D J

W)v (V + l)pv+1

P §RL L S (1
n Pn[)n—l v=l V Pn[)n—l v=l o , (V+l)pv+l
n— n— 2
ZVI pﬂ ! PVtV le 1 PV tV

n PP—I v=1 V P,,P,,_l v=1 V(V+1)pv+l

n-1 P2
L P KNP, EL _L]
])n I)n—l v=l V pv Dy

=Tn,l +T +T;13 n47(Say)

To complete the proof of the sufficient part, by using Minokowski’s inequality it is sufficient to
show that

S ot | <o fori=1234.
n=1

n,i

Now we have

0 k-1

Z(P ‘ nl‘ =Z¢7:k

n=1 n=1

t |" <. By (3.5).

n

Next we have

m+1

Zco

m+l

k k
S k-1 pn - VtV
nZ:;,(p,, T ][g—v ]

n—1

Using (3.1) and (3.4)

m+1 p n—1 k n-l1 ¢fpv tv
o083t (8] (£

n—1

m+1 =t
_on¥’ co;an 2 (Z 0.0,

n=2 n
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Using Holder’s inequality

m+1 n—1 k
p % k
=01 . vt
(%ZPP ﬁ;k VPJ
(0 p
_ O 1 14 n
( )z pV V n=v+l P,,Pn_l
ok X 1 1
=001 v =
UZA, Vn;(al ﬂj

m ¢k i
=0(Y. p, VZ t
v=1

k \4

m k-1
P9, Py
= O(I)ZT_

v=l v

k

—, Using (3.4)

Z‘V

=omy, el
v=l

v

= O(l)ng , Using (3.1)

=0(1)as m—> .

Further we have

m+1

ZM

tV

m+1 k n—1 P2 k
< o, _vrvi
nz;‘ (P P ] (; V(V + 1)pv+l ]

Wl%n1l p, [& BB,
<z( J B, {Z

= Mvw+anJ

m+1

—O(l)z Pp;k (nz v ¢v+1

v v+l

t

\4

k
j ,Using (3.2)
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p nflP k
=0 - —t , Using (3.4
()ZPHPM[;VVJ g(3.4)
m+1
) (Z(pvpvlzj , Using (3.2)
n= 2PP

=O0(1) as m — «, Proceeding as above

Next we have

m+1

Zco

<§¢ (PP ]k[ipf

n=2 1 v

t

14

k
1t
pv pv+1J

“lop, ) p (2P| b - by
Sen) (8 1

n=2 n—-1 v=l 14 | pv+lpv

|

Using (3.4) & (3.1)

m+1

k
- 0(1)2 7 P" 21 ‘/"Zz v pvi 1' e, J Using(3.2)
_on¥ 2 (§ e by, Jk
= 2PPnk_1 -1V Py o
:O(l)mii P [nl il t jk Using Lemma-1
n=2 P,,R,k,l v=l V )

t

v

k
j , Using (3.4)

m+1 p n—1 qp k
=0(1 = —p, It , Using (3.3
();Pnl’f_l [V_l Py j sing (3.3)

=0(1) as m — o, proceeding as above

This proves the sufficient part of the theorem.
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Necessary Part (:>) :

From (5.3) we have

})'1711),1 VT:’I = i R/—]al/

pn v=l1
P P P P
a, :L MVTn -l 2l VT
Pnfl pn pn 1
P P
=LV, —-—22VT, |
pn pn—l

Now

1 <&
tn _Fn;pvvav

pv—l

n v=Il

! P
— LZ(VPVVTV _va—MVTHJ

:—ZVPVT ——z v+)p.aF, Ly T

nVl nVO p

n n—1
=nVT, +lZvPVVTV _Lz%m

n v=l n v=l P,

=nVT, +iz":vVTv(Pv ~-P_)

n v=l

n—1 n—1
+%ZVVTVR,1[1_pv+Ij - ZP pv+l VT

n v=1 pv n v=l v
= tn,l + tn,2 + tn,S + ZLn,4 ,Say.
To complete the necessary part by using Minokowski’s inequality we need to show only

0 k-1
@,
25

Y <o fori=123,4.

n,i
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Z%

n=l1
k-1
= 2P,
-2
—o(l).
Further,
© k-1 m+l k=1 n-1
Zi’k L% k SZ(D |VT p,)
n=l1 n=2 n
m+1 ¢k -1 P
“ T,
<,,Z;‘ ; PP”(VZ:, v[VT,[p,)

m+l

—0<1>2 W}; S,

n n-1 v=l

D) ¢ , using (3.2)

m+l

p
=0(1 " v|VT,
DIl

) using (3.4)

m+1

=00, Pplg (Zp )E ‘(Zv

Using Holder’s inequality
m+l1

) p]; S

n2nn1vl

m m+1 1 1
=0 pv* VT,| ( ——]
; P, P

n=v+l n— n

152

-0 p,v

v=Il v

= O(l)iv B
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Y ‘ , using (3.1)

m Pk—l
ZO(I)Z nk—l

= O(I)Z(p

=0()as m—> .
Again

- ¢I’l
nz-; !

m+l ¢rllf -1 L n—1 o _ k
< z P [;V v—1 v pv J

n

k
m+1 n—1 A
= O(l)z Il)k Y. vP_ VT, 1220 J , using (3.4)
v=l v
m+l 1 n k
= 0(1)2 y j , using (3.3)
v=l
m+l 1 k
- 0(1)2 Pk v j

m+l

= O(I)Z

”2 nn

k
) J , using (3.2) and (3.4)

(Zn‘,covpv
—omy e [Z(pv ]

n2,,,,

J , using (3.2)

J
/)

. 0(1>§ S0P, J

2 b 1Pk

m+1 n k-1 n
—0(1)2 5 Pk vaj (Zlcofpv

v=l

m+1 n k=L
—O(I)ZP o vaj (lecofpv

m m+1 1 1
= 0o(1 “vr [ -
( );pvwv ’ (P "5 j

n=v+l n— n
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m 11
=0 pot VT | | —-——
()v:1 .9, V1, ( P Pmﬂj

k

VT,

=00 "o
v=l 4

¢ , using (3.1)

VT,

m k
=0, "
v=1l

“  using (3.4)

— oMY ¢V,
v=Il

=0()as m—> .

Finally,
w0 k-1
k
Z qonk t,,,4
n=1 n
m+l k=1 n—1 k
< ¢nk %[ZPV_I pv+1 |VTV ]
n=2 N Pn v=l pv
m+1 1 n—1 k
=0()), o [ZPH VT, j , using (3.3) and (3.4)
n=2 N n v=l

m+1 1 n—1 k
= O(I)Z;F(ZPV VT, j

n

= 0(1) as m —> o , proceeding as above

This completes the proof of the theorem.
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