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Abstract 

In this paper, a numerical integration method is presented for solving general singularly 
perturbed two-point boundary value problems. This method does not depend on asymptotic 
expansions. The main feature of this method is that it does not require a very fine mesh size.  The 
original second order differential equation is replaced by an approximate first-order differential 
equation with a small deviating argument. Simpsons 1/3 rule is used to obtain a three term 
recurrence relation. Thomas Algorithm is used to solve the resulting tridiagonal algebraic system 
of equations. The method is iterative on the deviating argument. The method is to be repeated for 
different choices of the deviating argument. Two linear and one non-linear examples with left-
end boundary layer, one example each for right end boundary layer, internal layer and two layers 
are solved and the computational results are presented. It is observed that the present method 
approximates the exact solution very well. 

Keywords: Singular Perturbation Problems; Boundary Layer; Thomas Algorithm; Deviating 
argument 

1 Introduction 
Singular perturbation problems containing a small positive parameter �Ý have appeared in 

many fields such as fluid mechanics, chemical kinetics, elasticity, aerodynamics, plasma 
dynamics and magneto hydrodynamics. A few notable examples are boundary layer problems, 
WKB problems. For small values of �Ý, it is well known that standard numerical methods for 
solving such problems are unstable and fail to give accurate results. Therefore, it is important to 
develop suitable numerical methods for these problems, whose accuracy does not depend on the 
parameter value, i.e. methods that are uniformly convergent. 

A wide variety of papers and books have been published in the recent years, describing 
various methods for solving singular perturbation problems, among these we mention Bender 
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and Orszag[1], Els golts and Norkin [2], Hemker and Miller [3], Kevorkian and Cole [4], Nayfeh 
[5], O’Malley[6], Y.N.Reddy [7]. 

The aim of this paper is to present a numerical integration method for solving general 
singularly perturbed two point boundary value problems. The original second order differential 
equation is replaced by an approximate first order differential equation with a small deviating 
argument. We use Simpson’s 1/3 rule to obtain a three term recurrence relation. Thomas 
Algorithm is used to solve the resulting tri-diagonal algebraic system of equations. We 
demonstrate the method on two problems with left layer, one problem with right layer, one each 
with internal and terminal layers and also one non linear problem. From the results, it is observed 
that the present method approximates the exact solution very well.  

2 Linear problems 
                 Consider the following linear singularly perturbed two point boundary value problem  

 �Ý�U�•�•( �T) + �=(�T)�U�•( �T) + �>(�T)�U(�T) = �B(�T);   �T�Ð[0,1] (1)  

�U(0) =  �Ù , �U(1) =  �Ú (2)  

where �Ý  is a small positive parameter(0 <  �Ý�' 1); �Ù,�Ú are given constants, �=(�T) , �>(�T) and 
�B(�T) are assumed to be sufficiently continuously differentiable functions in [0,1] and �=(�T)  
R
�/  > 0 on [0,1] where �/  is some positive constant. This assumption merely implies that the 
boundary layer will be in the neighborhood of �T= 0.  

Let �Ü be a small positive deviating argument(0 <  �Ü�' 1). By Taylor’s series expansion in the 
neighborhood of point  , we have  

�U(�T
F�Ü) 
N�U(�T) 
F�Ü�U�ñ( �T) +
�Ü�6

2
�U�•�•( �T) (3)  

 

and consequently (1) is replaced by the following first order differential equation with a small 
deviating argument 

2�Ý�U(�T
F�Ü) 
F2�Ý�U(�T) + 2�Ý�Ü�U�•( �T) + �Ü�6�=(�T)�U�•( �T) + �Ü�6�>(�T)�U(�T) = �Ü�6�B(�T) (4)  
This transition from equation (1) to (4) is admissible because of the condition that �Ü is 
small(0 <  �Ü�' 1). This replacement is significant from the computational point of view. 
Further details on the validity of this transition can be found in Elsgolts and Norkin [2, pp243 
and 244].Theory and discussion on the differential equations with a deviating argument can be 
found in Elsgolts and Norkin  [2]. 

We rewrite (4) in the following convenient from 

�U�•( �T) =  �L(�T)�U(�T
F �Ü) + �M(�T)�U(�T) + �N(�T) (5)  
for  �Ü
Q�T
Q1 , where 

�L(�T) =

F2�Ý

2�Ý�Ü+ �Ü�6�=(�T)
 (6)  
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�M(�T) =
2�Ý
F�Ü�6�>(�T)

2�Ý�Ü+ �Ü�6�=(�T)
 (7)  

         �N(�T) =
�Ü�6�B(�T)

2�Ý�Ü+ �Ü�6�=(�T)
 (8)  

We now divide the interval [0,1] into �0 equal parts with mesh size . i.e., �D=
�5

�Ç
 and �T�Ü= �E�D,  

�E= 0,1,…., �0.  Integrating (5) in [�T�Ü, �T�Ü�>�5]   ( �E= 1,2,……,�0 
F1), 

�U(�T�Ü�>�5) 
F �U(�T�Ü) =  
± 
k�L(�T)�U(�T
F �Ü) + �M(�T)�U(�T) + �N(�T)
o

�ë�Ô�6�-

�ë�Ô

�@�T (9)  

We now use Simpson’s 1/3 rule for evaluating the integral approximately. We obtain 

�U(�T�Ü�>�5) 
F �U(�T�Ü)

=  
�D
6


d�L(�T�Ü) �U(�T�Ü
F�Ü) + �M(�T�Ü) �U(�T�Ü) + �N(�T�Ü)

+ 4�L 
l
�T�Ü+ �T�Ü�>�5

2

p�U
l

�T�Ü+ �T�Ü�>�5

2

F �Ü
p+ 4�M
l

�T�Ü+ �T�Ü�>�5

2

p�U
l

�T�Ü+ �T�Ü�>�5

2

p

+ 4�N
l
�T�Ü+ �T�Ü�>�5

2

p+ �L(�T�Ü�>�5) �U(�T�Ü�>�5 
F�Ü) + �M(�T�Ü�>�5) �U(�T�Ü�>�5)

+ �N(�T�Ü�>�5) 
h 

(10)  

Again by Taylors series expansions we have  

�U(�T
F�Ü) 
N �U(�T) 
F�Ü �U�•( �T)  

Then we approximate �U�•( �T) by linear interpolation. We get 

�U(�T�Ü
F�Ü) 
N �U(�T�Ü) 
F�Ü �F
�U(�T�Ü) 
F �U(�T�Ü�?�5)

�D
�G 

 

                =  
l1 
F
�Ü
�D


p�U(�T�Ü) +
�Ü
�D

�U(�T�Ü�?�5) (11)  

Also similarly  

�U(�T�Ü�>�5 
F �Ü) 
N 
l1 
F
�Ü
�D


p�U(�T�Ü�>�5) +
�Ü
�D

�U(�T�Ü) (12)  

�U
l
�T�Ü+ �T�Ü�>�5

2

F�Ü
p=  �U
l�T

�Ü�>
�5
�6


F �Ü
p 
 

                                                                      
N�U
l�T�Ü�>�-
�.

p
F�Ü�U�ñ
l�T�Ü�>�-

�.

p  

                                                                      = �U
l�T�Ü�>�-
�.

p
F �Ü�@

�ì ( �ë�Ô�6�-) �? �ì ( �ë�Ô)

�Û
�A  
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                                                                      = �U
l�T�Ü�>�-
�.

p
F

��

�Û
�U(�T�Ü�>�5) +

��

�Û
�U(�T�Ü) (13)  

From Hermite interpolation 

�U
l�T
�Ü�>

�5
�6

p=  

�U(�T�Ü) +  �U(�T�Ü�>�5)

2
+

�D
8

[�U�•( �T�Ü) 
F �U�•( �T�Ü�>�5)] + �1(�D�8) (14)  

From (5) 

�U�•( �T�Ü�>�5) = �L(�T�Ü�>�5) �U(�T�Ü�>�5 
F�Ü) + �M(�T�Ü�>�5) �U(�T�Ü�>�5) + �N(�T�Ü�>�5) (14.a) 
�U�•( �T�Ü) = �L(�T�Ü) �U(�T�Ü
F�Ü) + �M(�T�Ü) �U(�T�Ü) + �N(�T�Ü) (14.b) 

Subtracting and using (12) and (11) 

�U�ñ( �T�Ü+ 1) 
F �U�ñ( �T�Ü)

= �L(�T�Ü�>�5) 
d
l1 
F
�Ü
�D


p�U(�T�Ü�>�5) +
�Ü
�D

�U(�T�Ü) 
h+ �M(�T�Ü�>�5) �U(�T�Ü�>�5) + �N(�T�Ü�>�5)


F�L(�T�Ü) 
d
l1 
F
�Ü
�D


p�U(�T�Ü) +
�Ü
�D

�U(�T�Ü�?�5) 
h
F�M(�T�Ü) �U(�T�Ü) 
F �N(�T�Ü)  

(15)  

Substitute (15) in (14) 

�U
l�T
�Ü�>

�5
�6

p=

1
2

[�U(�T�Ü) + �U(�T�Ü�>�5)]


F
�D
8


d�L(�T�Ü�>�5) 
l1 
F
�Ü
�D


p�U(�T�Ü�>�5) + �L(�T�Ü�>�5)
�Ü
�D

�U(�T�Ü) + �M(�T�Ü�>�5) �U(�T�Ü�>�5)

+ �N(�T�Ü�>�5) 
F �L(�T�Ü) 
l1 
F
�Ü
�D


p�U(�T�Ü�?�5) 
F �M(�T�Ü) �U(�T�Ü) 
F�N(�T�Ü) 
h 

 

 

�U
l�T�Ü�>�-
�.

p= �U(�T�Ü�>�5) �B�5

�6

F

�Û

�<
�L(�T�Ü�>�5) �@1 
F

��

�Û
�A
F

�Û

�<
�M(�T�Ü�>�5) �C+  �U(�T�Ü) �B�5

�6

F

��

�<
�L(�T�Ü�>�5) +

�Û

�<
�@1 
F

��

�Û
�A�L(�T�Ü) +

�Û

�<
�M(�T�Ü) �C+ �U(�T�Ü�?�5) �L(�T�Ü)

��

�<

F

�Û

�<
�N(�T�Ü�>�5) +

�Û

�<
�N(�T�Ü)  

(16)  

 

Substituting in (13) 

�U(�T�Ü�>�5/ �6 
F �Ü) = �U(�T�Ü�>�5) 
d
1
2


F
�D
8

�L(�T�Ü�>�5) 
l1 
F
�Ü
�D


p
F
�D
8

�M(�T�Ü�>�5) 
h

+ �U(�T�Ü) 
d
1
2


F
�Ü
8

�L(�T�Ü�>�5) +
�D
8


l1 
F
�Ü
�D


p�L(�T�Ü) +
�D
8

�M(�T�Ü) 
h

+ �U(�T�Ü�?�5) �L(�T�Ü)
�Ü
8


F
�D
8

�N(�T�Ü�>�5) +
�D
8

�N(�T�Ü) 
F
�Ü
�D

�U(�T�Ü�>�5) +
�Ü
�D

�U(�T�Ü) 

 

(17)  

We shall write �L(�T�Ü) = �L�Ü;  �M(�T�Ü) = �M�Ü; �N(�T�Ü) = �N�Ü; �U(�T�Ü) = �U�Ü;  �U�"(�T�Ü) = �U�"�Ü and substitute 
(11),(12),(16)�=�J�@ (17) �E�J  (10). We rearrange the terms to get an equation as follows: 
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�U�Ü�?�5
d
�L�Ü�Ü
6

+
�L�Ü�Ü�D
12

�L
�Ü�>

�5
�6

+
�L�Ü�Ü�D
12

�M
�Ü�>

�5
�6

h


F�U�Ü
d
F1 
F
�D
6

�L�Ü
l1 
F
�Ü
�D


p
F
�D�M�Ü
6


F
2
3

�Ü�L
�Ü�>

�5
�6


F
�L�Ü�>�5�Ü

6


F
2�D
3


l�L
�Ü�>

�5
�6

+ �M
�Ü�>

�5
�6

p
l


F�L�Ü�>�5�Ü
8

+
�D
8

�L�Ü
l1 
F
�Ü
�D


p+
�D
8

�M
�Ü�>

�5
�6
 
p  
h

+ �U�Ü�>�5
d
F1 +
2�D
3


l
F
�D
8

�L�Ü�>�5
l1 
F
�Ü
�D


p
F
�D�M�Ü�>�5

8
+

1
2


p
l�L
�Ü�>

�5
�6

+ �M
�Ü�>

�5
�6

p


F
2�Ü
3

�L
�Ü�>

�5
�6

+
�D
6

�L�Ü�>�5
l1 
F
�Ü
�D


p+
�D
6

�M�Ü�>�5
h

= 
F
�D
6

�N�N�Ü�>�5�L
F
�D�L

�Ü�>
�5
�6

2

F

�D�M
�Ü�>

�5
�6

2
+ 1�M+ �N�Ü�L1 +

�D�L
�Ü�>

�5
�6

2
+

�D�M
�Ü�>

�5
�6

2
�M

+ 4�N
�Ü�>

�5
�6
�O 

(18)  

This is now a three term recurrence relation of the form 

�#�E�U�E
F1 
F �$�E�U�E+ �%�E�U�E+ 1 = �&�E (19)  
�E= 1,2,….,�0 
F1  

Where  

 �#�Ü=  
�L�Ü�Ü
6

+
�L�Ü�Ü�D
12

�L
�Ü�>

�5
�6

+
�L�Ü�Ü�D
12

�M
�Ü�>

�5
�6
 (20)  

�$�Ü= 
F1 
F
�D
6

�L�Ü
l1 
F
�Ü
�D


p
F
�D�M�Ü
6


F
2
3

�Ü�L
�Ü�>

�5
�6


F
�L�Ü�>�5�Ü

6


F
2�D
3


l�L
�Ü�>

�5
�6

+ �M
�Ü�>

�5
�6

p
m


F�L�Ü�>�5�Ü
8

+
�D
8

�L�Ü
l1 
F
�Ü
�D


p
q+
�D
8

�M
�Ü�>

�5
�6
 

(21)  

�%�Ü= 
F1 +
2�D
3


l
F
�D
8

�L�Ü�>�5
l1 
F
�Ü
�D


p
F
�D�M�Ü�>�5

8
+

1
2


p
l�L
�Ü�>

�5
�6

+ �M
�Ü�>

�5
�6

p
F

2�Ü
3

�L
�Ü�>

�5
�6

+
�D
6

�L�Ü�>�5
l1 
F
�Ü
�D


p+
�D
6

�M�Ü�>�5 

 

(22)  

�&�Ü= 
F
�D
6

�N�N�Ü�>�5�L
F
�D�L

�Ü�>
�5
�6

2

F

�D�M
�Ü�>

�5
�6

2
+ 1�M+ �N�Ü�L1 +

�D�L
�Ü�>

�5
�6

2
+

�D�M
�Ü�>

�5
�6

2
�M+ 4�N

�Ü�>
�5
�6
�O (23)  

Equation (19) gives a system of ( �0 
F1) equations with (�0 + 1) unknowns �U�4 to �U�Ç . The two 
given boundary conditions (2) together with these (�0 
F1) equations are sufficient to solve for 
the unknowns  �U�4 to �U�Ç. The solution of the tridiagonal system (19) can easily be obtained by 
using an efficient algorithm called “Thomas Algorithm” also called ‘discrete invariant 
imbedding’. We set a difference relation of the form 

�U�Ü= �9�Ü�U�Ü�>�5+ �6�Ü (24)  
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where �9�Ü and �6�Ü corresponding to �9 (�T�Ü) and �6(�T�Ü) are to be determined from (24) we have  

�U�Ü�?�5 = �9�Ü�?�5�U�Ü+ �6�Ü�?�5 (25)  
Substituting (25) and (19) we get 

�#�Ü( �9�Ü�?�5�U�Ü+ �6�Ü�?�5) 
F �$�Ü�U�Ü+ �%�Ü�U�Ü�>�5 = �&�Ü  

�U�Ü=
�%�Ü

�$�Ü
F�#�Ü�9�Ü�?�5
�U�Ü�>�5+

(�#�Ü�6�Ü�?�5 
F �&�Ü)

�$�Ü
F �#�Ü�9�Ü�?�5
 (26)  

Comparing (24) and (26) 

�9�Ü=
�%�Ü

�$�Ü
F�#�Ü�9�Ü�?�5
 (27)  

�6�Ü=
(�#�Ü�6�Ü�?�5 
F�&�Ü)

�$�Ü
F�#�Ü�9�Ü�?�5
 (28)  

We now need to know the initial conditions  for �9�4, �6�4. 

This is done by considering (2) 

�U�4 = �Ù= �9�4�U�5+ �6�4  
If we chose �9�4 = 0 then �6�4 = �Ù with these initial values, we compute sequentially �9�Ü and �6�Ü for 
�E= 1,2,…�0 
F1 from (27) and (28) in the forward process and then obtain �U�Ü in the backward 
process from (24) using (2).We repeat the numerical scheme for different choices of �Ü until the 
solution profiles do not differ materially from interation to iteration. From computational point of 
view, we use an absolute error criterion namely: 

|�U(�T) �à �>�5 
F �U(�T) �à | 
Q�ê         0 
Q�T
Q1 

where �U(�T) �à  is the solution for the �I �ç�Û iterate of �Ü and �ê is the prescribed tolerance bound. 

3 Numerical examples 
To demonstrate the applicability of the method , we apply it to four singular perturbation 

problems with left end boundary layer. These examples have been chosen because they have 
been widely discussed in literature and because approximate solutions are available for 
comparison. 

Example  3.1:  Consider the following homogeneous SPP from Kevorkian and Cole [4, p.33, 
Eqs .(2.3.26) and (2.3.27)] with �Ù= 0: 

�Ý�U�ñ�ñ+ �U�ñ( �T) = 0;   �T�ó [0,1] 

�S�E�P�D �U(0) = 0 �=�J�@ �U(1) = 1. 

The exact solution is given by �U(�T) =
( �5�?�c�v�n ( �?�ë/ ��) )

( �5�?�c�v�n ( �?�5/ ��) )
 

The numerical results are presented in Table 1(a) and 1(b) for �Ý= 10�?�7�=�J�@ �Ý= 10�?�8 
respectively. 
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Example  3.2:  Consider the following singular perturbation problem from Bender and Orszag 
[1�������S�S�������������S�U�R�E�O�H�P�������������Z�L�W�K���.� ���@ 

�Ý�U"( �T) + �U�ñ( �T) 
F�U(�T) = 0;       �T�æ[0,1] 

with y(0)=1 and y(1)=1 

The exact solution is given by  �U(�T) =
[( �B�Ø�. �?�5) �B�Ø�-�ã�>( �5�?�B�Ø�- ) �B�Ø�. �ã]

[�B�Ø�. �?�B�Ø�- ]
, 

where     �I �5 =
�?�5�>�¾�5�>�8��

�6��
 , �I �6 =

�?�5�?�¾�5�>�8��

�6��
 

The numerical results are given in Table 2(a)  and  2(b) �I�R�U�����0� ������-3 and �Ý= 10-4 respectively. 

4 Non- linear problems 
We use quasi-linearization process to linearise the non-linear singular perturbation  

problem. We apply our method to three problems. 

Example 4.1: Consider the following example From Bender and Orszags [1, p.463, Eq (9.7.1)]; 

�Ý�U"( �T) + 2�U�ñ( �T) + �A�ì = 0 ;     �T�æ[0,1] 

with �U(0) = 0 and �U(1) = 0. 

We have chosen to use Bender and Orszags uniformly valid approximation [1, p 463, Eq.(9.7.6)] 

for comparison, �U(�T) = �H�K�C
�6

�5�>�ë

F �@exp�@
F

�6�ë

��
�A�A�H�K�C2 

For this example, we have boundary layer of width O(�Ý) at x=0 (cf Bender and Orszag [1] ) The 
numerical results are given in Table 3(a) and 3(b) �I�R�U���0� ������-3 and  �Ý=10-4 respectively. 

5 Right end boundary layer problems 
We now describe the numerical integration method for solving problems with the 

boundary layer at the right end of the underlying internal. To be specific we consider the 
following singular perturbation problem 

�Ý�U�•�•(�T) + �=(�T)�U�•( �T) + �>(�T)�U(�T) = �B(�T);   �T�Ð[0,1] (29)  
�U(0) =  �Ù ,�U(1) =  �Ú (30)  

where �Ý  is a small positive parameter(0 <  �Ý�' 1); �Ù,�Ú are given constants,�=(�T) , �>(�T) and 
�B(�T) are assumed to be sufficiently continuously differentiable functions in [0,1]. We now 
assume that �=(�T)  
R�/ > 0 throughout the interval [0,1] where �/  is some negative constant. 
This assumption merely implies that the boundary layer will be in the neighborhood of �T= 1. 
The evaluation of right end boundary layer for (29) and (30) is similar to that of left end 
boundary layer but these are some differences worth noting. 
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Let �Ü be a small positive deviating argument(0 <  �Ü�' 1). By Taylor’s series expansion 
in the neighborhood of point  , we have  

�U(�T+ �Ü) 
N�U(�T) + �Ü�U�ñ( �T) +
�Ü�6

2
�U�•�•( �T)  (31)  

And consequently (29) is replaced by the following first order differential equation 
with a small deviating argument. 

 

2�Ý�U(�T+ �Ü) 
F2�Ý�U(�T) + 2�Ý�Ü�U�•( �T) + �Ü�6�=(�T)�U�•( �T) + �Ü�6�>(�T)�U(�T) = �Ü�6�B(�T)  (32)  
Transition from equation (29) to equation (32) is admitted because of the condition that �Ü is 
small(0 <  �Ü�' 1). We write (32) in the following convenient form. 

�U�•( �T) =  �L(�T)�U(�T+ �Ü) + �M(�T)�U(�T) + �N(�T) (33)  
for  0 
Q�T
Q1 
F�Ü  where 

�L(�T) =

F2�Ý

�Ü�6�=(�T) 
F2�Ý�Ü
 (34)  

�M(�T) =
2�Ý
F�Ü�6�>(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
 

 
(35)  

�N(�T) =
�Ü�6�B(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
 (36)  

We will now discuss the numerical scheme for solving(33). As usual now divide the internal 
[0,1] into N equals parts with mesh size ; i.e. �D=

�5

�Ç
 and �T�Ü= �E�D,�E= 0,1,….,�0 .Integrate (33) 

in [�T�Ü, �T�Ü�>�5] ( �E= 1,2,…., �0 
F1). We get 

�U(�T�Ü) 
F �U(�T�Ü�?�5) =  
± 
k�L(�T)�U(�T+ �Ü) + �M(�T)�U(�T) + �N(�T)
o

�ë�Ô

�ë�Ô�7�-

�@�T 
 

We use Simpson’s 1/3 rule for evaluating the integral approximately. 

�U(�T�Ü) 
F  �U(�T�Ü�?�5)

=
�D
6


d�L(�T�Ü) �U(�T�Ü+ �Ü) + �M(�T�Ü) �U(�T�Ü) + �N(�T�Ü) + 4�L(
�T�Ü+ �T�Ü�?�5 

2
)

+ �U
l
�T�Ü+ �T�Ü�?�5 

2
+ �Ü
p+ 4�M
l

�T�Ü+ �T�Ü�?�5 
2


p�U
l
�T�Ü+ �T�Ü�?�5 

2

p

+ 4�N
l
�T�Ü+ �T�Ü�?�5 

2

p+ �L(�T�Ü�?�5) �U(�T�Ü�?�5+ �Ü) + �M(�T�Ü�?�5) �U(�T�Ü�?�5)

+ �N(�T�Ü�?�5)     
h 

(37)  

By Taylors series we have  

�U(�T�Ü+ �Ü) 
N �U(�T�Ü) + �Ü �U�ñ( �T�Ü)  

Then we approximate �U�ñ( �T�Ü) by linear interpolation. We get 
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�U(�T�Ü+ �Ü) 
N 
l1 
F
�Ü
�D


p�U(�T�Ü) +
�Ü
�D

�U(�T�Ü�>�5)  (38)  

Similarly 

�U(�T�Ü�?�5+ �Ü) 
N 
l1 
F
�Ü
�D


p�U(�T�Ü�?�5) +
�Ü
�D

�U(�T�Ü)  (39)  

�U
l
�T�Ü�?�5+ �T�Ü

2
+ �Ü
p=  �U
l�T

�Ü�?
�5
�6

+ �Ü
p 
 

                                                                       
N�U
l�T�Ü�?�-
�.

p+ �Ü�U�ñ
l�T�Ü�?�-

�.

p  

                                                                       = �U
l�T�Ü�?�-
�.

p+ �Ü�@

�ì ( �ë�Ô) �? �ì ( �ë�Ô�7�-)

�Û
�A  

                                                                       = �U
l�T�Ü�?�-
�.

p+

��

�Û
�U(�T�Ü) 
F

��

�Û
�U(�T�Ü�?�5)  (40)  

From Hermite interpolation 

�U
l�T
�Ü�?

�5
�6

p=  

�U(�T�Ü�?�5) +  �U(�T�Ü)

2
+

�D
8

[�U�ñ( �T�Ü�?�5) 
F �U�ñ( �T�Ü)] + �1(�D�8)  (41)  

From (33) 

�U�ñ( �T�Ü�?�5) = �L(�T�Ü�?�5) �U�ñ( �T�Ü�?�5+ �Ü) + �M(�T�Ü�?�5) �U(�T�Ü�?�5) + �N(�T�Ü�?�5)  

�U�ñ( �T�Ü) = �L(�T�Ü) �U�ñ( �T�Ü+ �Ü) + �M(�T�Ü) �U(�T�Ü) + �N(�T�Ü)  

Therefore 

�U�ñ( �T�Ü�?�5) 
F�U�ñ( �T�Ü)

= �L(�T�Ü�?�5) 
d
l1 
F
�Ü
�D


p�U(�T�Ü�?�5) +
�Ü
�D

�U(�T�Ü) 
h+ �M(�T�Ü�?�5) �U(�T�Ü�?�5) + �N(�T�Ü�?�5)


F�L(�T�Ü) 
d
l1 
F
�Ü
�D


p�U(�T�Ü) +
�Ü
�D

�U(�T�Ü�>�5) 
h
F�M(�T�Ü) �U(�T�Ü) 
F �N(�T�Ü) 

(42)  

Substitute (42) in (41): 

�U
l�T
�Ü�?

�5
�6

p=

1
2

[�U(�T�Ü) + �U(�T�Ü�?�5)]


F
�D
8


d�L(�T�Ü) 
l1 
F
�Ü
�D


p�U(�T�Ü) + �L(�T�Ü)
�Ü
�D

�U(�T�Ü�>�5) + �M(�T�Ü) �U(�T�Ü) + �N(�T�Ü)


F �L(�T�Ü�?�5) 
l1 
F
�Ü
�D


p�U(�T�Ü�?�5) 
F�L(�T�Ü�?�5)
�Ü
�D

�U(�T�Ü)    
F �M(�T�Ü�?�5) �U(�T�Ü�?�5)


F �N(�T�Ü�?�5) 
h 

(43)  

We shall write �L(�T�Ü) = �L�Ü;  �M(�T�Ü) = �M�Ü; �N(�T�Ü) = �N�Ü; �U(�T�Ü) = �U�Ü;  �U�"(�T�Ü) = �U�"�Ü and 
substitute (38),(39),(40)and (43) in  (37). We rearrange the terms to get an equation as 
follows: 
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�U�Ü�?�5�H1 + �F
�D
3

+
�D�6

12
�L�Ü�?�5 
l1 
F

�Ü
�D


p+
�D�6

12
�M�Ü�?�5�G
l�L

�Ü�?
�5
�6

+ �M
�Ü�?

�5
�6

p
F

2
3

�Ü�L
�Ü�?

�5
�6

+
�D
6

�L�Ü�?�5
l1 
F
�Ü
�D


p+
�D
6

�M�Ü�?�5�I


F�U�Ü
e1 
F
�D
6

�L�Ü
l1 
F
�Ü
�D


p
F
�D�M�Ü
6


F
2
3

�Ü�L
�Ü�?

�5
�6


F
�L�Ü�?�5�Ü

6


F
l�L
�Ü�?

�5
�6

+ �M
�Ü�?

�5
�6

p
m

�D
3


F
�D�6

12
�L�Ü
l1 
F

�Ü
�D


p
q
F
�D�6�M�Ü
12

+
�D
12

�L�Ü�?�5�Ü
i

+ �U�Ü�>�5
d
�L�Ü�Ü
6


F
�L�Ü�Ü�D
12

�L
�Ü�?

�5
�6


F
�L�Ü�Ü�D
12

�M
�Ü�?

�5
�6

h

= 
F
�D
6


d�N�Ü
l1 
F
�D
2

�L
�Ü�?

�5
�6


F
�D
2

�M
�Ü�?

�5
�6

p+ �N�Ü�?�5
l1 +

�D
2

�L
�Ü�?

�5
�6

+
�D
2

�M
�Ü�?

�5
�6

p

+ 4�N
�Ü�?

�5
�6

h 

(44)  

This is now in a three term recurrence relation of the form 

�#�Ü�U�Ü�?�5 
F �$�Ü�U�Ü+ �%�Ü�U�Ü�>�5 = �&�Ü 
�E= 1,2 ,….,�0 
F1 

(45)  

Where  

�#�Ü=  1 + �F
�D
3

+
�D�6

12
�L�Ü�?�5 
l1 
F

�Ü
�D


p+
�D�6

12
�M�Ü�?�5�G
l�L

�Ü�?
�5
�6

+ �M
�Ü�?

�5
�6

p
F

2
3

�Ü�L
�Ü�?

�5
�6

+
�D
6

�L�Ü�?�5
l1 
F
�Ü
�D


p+
�D
6

�M�Ü�?�5 

(46)  

�$�Ü= 1 
F
�D
6

�L�Ü
l1 
F
�Ü
�D


p
F
�D�M�Ü
6


F
2
3

�Ü�L
�Ü�?

�5
�6


F
�L�Ü�?�5�Ü

6


F 
l�L
�Ü�?

�5
�6

+ �M
�Ü�?

�5
�6

p
m

�D
3


F
�D�6

12
�L�Ü
l1 
F

�Ü
�D


p
q
F
�D�6�M�Ü
12

+
�D
12

�L�Ü�?�5�Ü 
(47)  

�%�Ü=
�L�Ü�Ü
6


F
�L�Ü�Ü�D
12

�L
�Ü�?

�5
�6


F
�L�Ü�Ü�D
12

�M
�Ü�?

�5
�6
 (48)  

�&�Ü= 
F
�D
6


d�N�Ü
l1 
F
�D
2

�L
�Ü�?

�5
�6


F
�D
2

�M
�Ü�?

�5
�6

p+ �N�Ü�?�5
l1 +

�D
2

�L
�Ü�?

�5
�6

+
�D
2

�M
�Ü�?

�5
�6

p+ 4�N

�Ü�?
�5
�6

h (49)  

 

(45) gives a system of ( �0 
F1) equations with (�0 + 1) unknowns �U�4 to �U�Ç . The two 
given boundary conditions (2) together with these (�0 
F1) equations are sufficient to solve for 
�U�4 to �U�Ç. The solution is obtained using Thomas Algorithm. We repeat the scheme for different 
choices of �Ü until the solution profiles do not differ materially from iteration to iteration. 

6 Right layer example 
Example 6.1:  Consider the following singular perturbation problem 
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�Ý�U"(�T) - �U�"(�T) =0;   �T�æ[0,1] 

with  �U(0) = 1  and �U(1) = 0    

For this example, we have boundary layer at �T= 1. 

The exact solution is given by  �U(�T) =
�F�B

�ã�7�-

� �?�5�G

�F�B
�7�-

� �?�5�G

 

The numerical results are given in Table 4(a) and 4(b) �I�R�U���0� ������-3 and �Ý= 10-4 respectively. 

7 Internal layer problems 
We will now discuss the singular perturbation problem with an internal layer of the 

underlying interval. In this case �=(�T) changes sign in the domain of interest. Without loss of 
generality, we can take �=(0) = 0 and the interval to be [
F1,1]. With the help of one model 
example we demonstrate the applicability of the numerical integration method for solving 
singular perturbation problem with internal layer. 

Example 7.1: Consider the following SPP  

�Ý�U�ñ�ñ+ �T�U�ñ( �T) 
F�U(�T) = 0;   �T�Ð[
F1,1] (50)  
�S�E�P�D �U(
F1) =  1 �=�J�@  �U(1) =  2 (51)  

For this example we have �=(�T) = �T, �>(�T) = 
F1 and �B(�T) = 0. Further we have an 
internal layer of width �K
k�¾�Ý
o at �T= 0 (for details, see O’Malley [6, pp 168-172, eq 
8.1 case (i)] and Kevorkian and Cole [4, pp 41-43, eqs (2.3.76) and (2.3.77)] we see 
that the function 

 

�=(�T) = �T< 0 
F1 
Q�T< 0 

�=(�T) = �T= 0 �T> 0 

�=(�T) = �T> 0 For 0 < �T
Q1 

By making use of transitions suggested for left end and right end boundary layer we 
replace (50) by following first-order differential equations with a small deviating argument. 

�U�ñ( �T) = �L(�T)�U(�T+ �Ü) + �M(�T)�U(�T) + �N(�T) (52)  
For 
F1 
Q�T
Q
F�Ü 

Where  �L(�T),�M(�T) and �N(�T) are given by  

�L(�T) =  

F2�Ý

�Ü�6�=(�T) 
F2�Ý�Ü
 

 

�M(�T) =
2�Ý
F �Ü�6�>(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
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�N(�T) =
�Ü�6�B(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
 

 

And  

�U�ñ( �T) = �L(�T)�U(�T
F�Ü) + �M(�T)�U(�T) + �N(�T) (53)  
For �Ü
Q�T
Q1 where 

�L(�T) =  

F2�Ý

�Ü�6�=(�T) + 2�Ý�Ü
 

 

�M(�T) =  
2�Ý
F�Ü�6�>(�T)

�Ü�6�=(�T) + 2�Ý�Ü
 

 

�N(�T) =  
�Ü�6�B(�T)

�Ü�6�=(�T) + 2�Ý�Ü
 

 

We now divide the interval  [ 
F1,1] into �0 equal parts with mesh size ; i.e., �D= 2/ �0 

and �T�Ü= 
F1 + �E�D for �E= 0,1,…�0. Let us denote 
�Ç

�6
= �.. Then integrating using the Simpsons 

formula equation (52) in [�T�Ü, �T�Ü�>�5] for �E= �. + 1,�. + 2,….�0 
F1 we get a system of ( �0 
F2) 
equations with (�0 + 1) unknowns. From given boundary conditions (51) we get two  more 
equations. 

�U�4 = �U(
F1) = 1  

�U�Ç = �U(1) = 2  

We need one more equation to solve for the unknowns (�U�4, �U�5,………�U�Ç). For this, we 
consider the original equation at �T= �T�Å= 0. Since �=(�T) = 0 at �T= �T�Å= 0 we get 

�Ý�U�ñ�ñ( �T�Å) + �>(�T�Å) �U(�T�Å) = �B(�T�Å)  (54)  
By making use of the second order central finite difference approximation for the second 

order derivative in (54) we get  

[ �Ý]�U�Å�?�5 
F [2�Ý
F�D�6�>�Å] �U�Å+ [�Ý]�U�Å�>�5 = �D�6�B(�T�Å) (55)  
With this we have (�0 + 1) equations for ( �0 + 1) unknowns(�U�4, �U�5, �U�6,…….,�U�Ç). The 

matrix problem associated is a tridiagonal algebraic system and the solution can be obtained 
from Thomas algorithm. We repeat the numerical scheme for different choices of �Ü (0 < �Ü�' 1) 
until the solution profiles do not differ materially from iteration to iteration. 

The numerical results are given in Table 5(a) and 5(b) �I�R�U���0� ������-3 and �Ý= 10-4 respectively  

8 Problems with two boundary layers 
The suggestions given for internal layer problems apply mutatis mutandis to problems 

with two boundary layers. To illustrate this we will again consider the case where �=(�T) changes 
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sign in the domain of interest. Without loss of generality, we can take �=(0) = 0and the interval 
to be [
F1,1]. We demonstrate with an example. 

Example 8.1: Consider the following SPP  

�Ý�U�ñ�ñ
F�T�U�ñ( �T) 
F �U(�T) = 0;   �T�Ð[
F1,1] 
 

(56)  

 �U(
F1) =  1, �U(1) =  2 (57)  
 

 

For this example we have �=(�T) = 
F�T, �>(�T) = 1 and �B(�T) = 0. Further we have two boundary 
layers one at �T= 
F1 and one at �T= 1 (for details, see O’Malley [6, pp168-173, eq 8.1 case 
(i)] we see that the function 

 

�=(�T) = 
F�T> 0 
F1 
Q�T< 0 

�=(�T) = 
F�T= 0 �T= 0 

�=(�T) = 
F�T< 0 For 0 < �T
Q1 

By making use of transitions suggested for left end and right end boundary layer we 
replace (56) by following first-order differential equations with a small deviating argument. 

�U�ñ( �T) = �L(�T)�U(�T
F�Ü) + �M(�T)�U(�T) + �N(�T) (58)  
For 
F1 + �Ü
Q�T
Q0 

Where  �L(�T),�M(�T) and �N(�T) are given by  

�L(�T) =  

F2�Ý

2�Ý�Ü+ �Ü�6�=(�T)
 

 

�M(�T) =
2�Ý
F �Ü�6�>(�T)

2�Ý�Ü+ �Ü�6�=(�T)
 

 

�N(�T) =
�Ü�6�B(�T)

2�Ý�Ü+ �Ü�6�=(�T)
 

 

And  

�U�ñ( �T) = �L(�T)�U(�T+ �Ü) + �M(�T)�U(�T) + �N(�T) (59)  
For 0
Q�T
Q1 
F �Ü where 

�L(�T) =  

F2�Ý

�Ü�6�=(�T) 
F2�Ý�Ü
 

 

�M(�T) =  
2�Ý
F�Ü�6�>(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
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�N(�T) =  
�Ü�6�B(�T)

�Ü�6�=(�T) 
F2�Ý�Ü
 

 

We now divide the interval [ 
F1,1] in �0equal parts with mesh size , i.e., �D=
�6

�Ç
 and 

�T�Ü= 
F1 + �E�D for �E= 0,1,….�0. Let us denote 
�Ç

�6
= �. .Then integration using the Simpsons 

formula equation (58) in [�T�Ü, �T�Ü�>�5] for �E= 1,2,….�. 
F1 and equation (59) in [�T�Ü�?�5, �T�Ü] for 
�E= �. + 1,�. + 2,….�0 
F1 we get a system of ( �0 
F2) equations with (�0 + 1) unknowns.  
From given boundary conditions we get two more equations. 

�U�4 = �U(
F1) = 1  

�U�Ç = �U(1) = 2  

We need one more equation to solve for the unknowns(�U�4, �U�5,………�U�Ç). For this, we 
consider the original equation at �T= �T�Å= 0. Since �=(�T) = 0 at �T= �T�Å= 0 we get 

�Ý�U�ñ�ñ( �T�Å) + �>(�T�Å) �U(�T�Å) = �B(�T�Å)  (60)  
By making use of the second order central finite difference approximation for the second 

order derivative in (60) we get  

�Ý[�U�Å�?�5 
F2�U�Å+ �U�Å�>�5]

�D�6 +  �>(�T�Å) �U�Å( �T�Å) = �B(�T�Å) 
 

[ �Ý]�U�Å�?�5 
F[2�Ý
F �D�6�>�Å] �U�Å+ [�Ý]�U�Å�>�5 = �D�6�B(�T�Å) (61)  
With this we have (�0 + 1) equations for ( �0 + 1) unknowns(�U�4, �U�5,………�U�Ç).The 

matrix problem associated is tridiagonal algebraic system and the solution can be obtained from 
Thomas algorithm. We repeat the numerical scheme for different choices of �Ü (0 < �Ü�' 1), until 
the solution profiles do not differ materially from iteration to iteration. 

The numerical results are presented in Table 6(a) and  6(b) for �Ý= 10�?�7and �Ý= 10�?�8 
respectively. 

9 Discussion and conclusions 
We have presented the numerical integration method (technique 1) for general singularly 

perturbed two point boundary value problems. The method is iterative on the deviating argument 
�Ü.The process is repeated for different choices of  �Ü until the solution profiles do not differ 
materially from iteration to iteration. The choice of �Ü is not unique but can assume any value  
0 < �Ü�' 1. We have implemented this method on two linear problems, one non-linear problems, 
one with right layer, and one each with internal and two layers by taking different values of  �Ý 
the numerical results are presented in tables. They are compared with the exact solution. It is 
observed that the present method approximates the exact solution very well. This method 
provides an alternative and supplementary technique to the conventional ways of solving 
singular perturbation problems. 
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Table 1(a):  Computational results for Example 3.1 with  �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

0.000 0.0000000 0.0000000 0.0000000 0.0000000 
0.020 0.9983944 0.9987187 0.9989594 1.0000000 
0.040 0.9999918 0.9999927 0.9999989 1.0000000 
0.060 0.9999945 0.9999945 1.0000000 1.0000000 
0.080 0.9999946 0.9999946 1.0000000 1.0000000 
0.100 0.9999947 0.9999947 1.0000000 1.0000000 
0.200 0.9999953 0.9999953 1.0000000 1.0000000 
0.400 0.9999965 0.9999965 1.0000000 1.0000000 
0.600 0.9999977 0.9999977 1.0000000 1.0000000 
0.800 0.9999989 0.9999989 1.0000000 1.0000000 
1.000 1.0000000 1.0000000 1.0000000 1.0000000 

Table 1(b):  Computational results for Example 3.1 with  �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

0.000 0.0000000 0.0000000 0.0000000 0.0000000 
0.020 0.9999828 0.9999864 0.9999833 1.0000000 
0.040 1.0000000 1.0000000 0.9999943 1.0000000 
0.060 1.0000000 1.0000000 0.9999945 1.0000000 
0.080 1.0000000 1.0000000 0.9999946 1.0000000 
0.100 1.0000000 1.0000000 0.9999947 1.0000000 
0.200 1.0000000 1.0000000 0.9999953 1.0000000 
0.400 1.0000000 1.0000000 0.9999965 1.0000000 
0.600 1.0000000 1.0000000 0.9999977 1.0000000 
0.800 1.0000000 1.0000000 0.9999989 1.0000000 
1.000 1.0000000 1.0000000 1.0000000 1.0000000 
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Table 2(a): Computational results for Example 3.2  with �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

0.000 1.0000000 1.0000000 1.0000000 1.0000000 
0.020 0.3771935 0.3769638 0.3767924 0.3756784 
0.040 0.3837841 0.3837577 0.3837336 0.3832599 
0.060 0.3915321 0.3915062 0.3914823 0.3909945 
0.080 0.3994383 0.3994121 0.3993881 0.3988851 
0.100 0.4075041 0.4074777 0.4074536 0.4069350 
0.200 0.4503429 0.4503157 0.4502910 0.4496879 
0.400 0.5500043 0.5499757 0.5499502 0.5491403 
0.600 0.6717209 0.6716916 0.6716660 0.6705877 
0.800 0.8203734 0.8203447 0.8203202 0.8188941 
1.000 1.0000000 1.0000000 1.0000000 1.0000000 

     
Table 2(b): Computational results for Example 3.2  with �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

0.000 1.0000000 1.0000000 1.0000000 1.0000000 
0.020 0.3759735 0.3759679 0.3759631 0.3753479 
0.040 0.3835573 0.3835539 0.3835507 0.3829296 
0.060 0.3913053 0.3913019 0.3912987 0.3906645 
0.080 0.3992098 0.3992064 0.3992032 0.3985557 
0.100 0.4072741 0.4072706 0.4072674 0.4066062 
0.200 0.4501055 0.4501019 0.4500988 0.4493649 
0.400 0.5497555 0.5497518 0.5497485 0.5488445 
0.600 0.6714671 0.6714634 0.6714602 0.6703468 
0.800 0.8201249 0.8201213 0.8201184 0.8187471 
1.000 1.0000000 1.0000000 1.0000000 1.0000000 
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Table 3(a): Computational results from Example 4.1 with �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

0.000 0.0000000 0.0000000 0.0000000 0.0000000 
0.020 0.6714179 0.6714760 0.6715180 0.6733446 
0.040 0.6523162 0.6523151 0.6523148 0.6539265 
0.060 0.6332951 0.6332945 0.6332945 0.6348783 
0.080 0.6146291 0.6146287 0.6146291 0.6161861 
0.100 0.5963052 0.5963053 0.5963058 0.5978370 
0.200 0.5094077 0.5094097 0.5094115 0.5108256 
0.400 0.3554386 0.3554429 0.3554465 0.3566750 
0.600 0.2220457 0.2220514 0.2220561 0.2231436 
0.800 0.1043720 0.1043785 0.1043838 0.1053605 
1.000 0.0000000 0.0000000 0.0000000 0.0000000 

 

Table 3(b): Computational results from Example 4.1 with �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

0.000 0.0000000 0.0000000 0.0000000 0.0000000 
0.020 0.6716954 0.6716959 0.6716966 0.6733446 
0.040 0.6523129 0.6523125 0.6523126 0.6539265 
0.060 0.6332951 0.6332948 0.6332949 0.6348783 
0.080 0.6146321 0.6146321 0.6146321 0.6161861 
0.100 0.5963113 0.5963113 0.5963113 0.5978370 
0.200 0.5094269 0.5094270 0.5094274 0.5108256 
0.400 0.3554755 0.3554760 0.3554766 0.3566750 
0.600 0.2220934 0.2220941 0.2220948 0.2231436 
0.800 0.1044264 0.1044274 0.1044281 0.1053605 
1.000 0.0000000 0.0000000 0.0000000 0.0000000 
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Table 4 (a):  Computational results for Example 6.1 with �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

0.000 1.0000000 1.0000000 1.0000000 1.0000000 
0.020 1.0000000 1.0000000 1.0000000 1.0000000 
0.040 1.0000000 1.0000000 1.0000000 1.0000000 
0.060 1.0000000 1.0000000 1.0000000 1.0000000 
0.080 1.0000000 1.0000000 1.0000000 1.0000000 
0.100 1.0000000 1.0000000 1.0000000 1.0000000 
0.200 1.0000010 1.0000000 1.0000000 1.0000000 
0.400 1.0000020 1.0000000 1.0000000 1.0000000 
0.600 1.0000030 1.0000000 1.0000000 1.0000000 
0.800 1.0000050 1.0000000 1.0000000 1.0000000 
1.000 0.0000000 0.0000000 0.0000000 0.0000000 

 

Table 4 (b):  Computational results for Example 6.1 with �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) Exact Solution 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

0.000 1.0000000 1.0000000 1.0000000 1.0000000 
0.020 0.9999999 1.0000000 1.0000000 1.0000000 
0.040 0.9999998 1.0000000 0.9999999 1.0000000 
0.060 0.9999997 1.0000000 0.9999999 1.0000000 
0.080 0.9999996 1.0000000 0.9999999 1.0000000 
0.100 0.9999995 1.0000000 0.9999999 1.0000000 
0.200 0.9999988 1.0000000 0.9999999 1.0000000 
0.400 0.9999976 1.0000000 0.9999999 1.0000000 
0.600 0.9999962 1.0000000 0.9999999 1.0000000 
0.800 0.9999949 1.0000000 0.9999999 1.0000000 
1.000 0.0000000 0.0000000 0.0000000 0.0000000 
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Table 5(a): Computational results for Example 7.1 with �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

-1.000 1.0000000 1.0000000 1.0000000 
-0.500 0.5133682 0.5127339 0.5121985 
-0.100 0.1125773 0.1120427 0.1115731 
-0.080 0.0919051 0.0914208 0.0909980 
-0.060 0.0713918 0.0708604 0.0704203 
-0.040 0.0535297 0.0524807 0.0516449 
-0.020 0.0501888 0.0478650 0.0458924 
0.000 0.0937216 0.0922360 0.0909315 
0.020 0.1651278 0.1649540 0.1648013 
0.040 0.2190256 0.2190112 0.2189985 
0.060 0.2685927 0.2685918 0.2685910 
0.080 0.3161478 0.3161477 0.3161477 
0.100 0.3622530 0.3622530 0.3622530 
0.500 1.1523480 1.1523480 1.1523480 
1.000 2.0000000 2.0000000 2.0000000 

    Table 5(b): Computational results for Example 7.1 with �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

-1.000 1.0000000 1.0000000 1.0000000 
-0.500 0.5069755 0.5068406 0.5067345 
-0.100 0.1056358 0.1054326 0.1052703 
-0.080 0.0855115 0.0853138 0.0851555 
-0.060 0.0653516 0.0651645 0.0650137 
-0.040 0.0451248 0.0449558 0.0448185 
-0.020 0.0252667 0.0250454 0.0248685 
0.000 0.0243103 0.0241649 0.0240439 
0.020 0.0865053 0.0865034 0.0865019 
0.040 0.1453655 0.1453655 0.1453655 
0.060 0.1996616 0.1996616 0.1996616 
0.080 0.2511032 0.2511032 0.2511032 
0.100 0.3004996 0.3004996 0.3004996 
0.500 1.1254160 1.1254160 1.1254160 
1.000 2.0000000 2.0000000 2.0000000 
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Table 6(a):  Computational results for Example: 8.1 with �Ý= 10�?�7 �=�J�@ �D= 0.01 

�T �U(�T) 
�Ü= 0.008 �Ü= 0.009 �Ü= 0.01 

-1.000 1.0000000 1.0000000 1.0000000 
-0.980 0.0015053 0.0012103 0.0009942 
-0.960 0.0000024 0.0000015 0.0000010 
-0.940 0.0000000 0.0000000 0.0000000 
-0.920 0.0000000 0.0000000 0.0000000 
-0.900 0.0000000 0.0000000 0.0000000 
-0.700 0.0000000 0.0000000 0.0000000 
-0.300 0.0000000 0.0000000 0.0000000 
0.300 0.0000000 0.0000000 0.0000000 
0.700 0.0000000 0.0000000 0.0000000 
0.900 0.0000000 0.0000000 0.0000000 
0.920 0.0000000 0.0000000 0.0000000 
0.940 0.0000000 0.0000000 0.0000000 
0.960 0.0000057 0.0000057 0.0000057 
0.980 0.0032998 0.0032998 0.0032998 
1.000 2.0000000 2.0000000 2.0000000 

Table 6(b):  Computational results for Example: 8.1 with �Ý= 10�?�8 �=�J�@ �D= 0.01 

�T �U(�T) 
�Ü= 0.007 �Ü= 0.008 �Ü= 0.009 

-1.000 1.0000000 1.0000000 1.0000000 
-0.980 0.0000227 0.0000174 0.0000138 
-0.960 0.0000000 0.0000000 0.0000000 
-0.940 0.0000000 0.0000000 0.0000000 
-0.920 0.0000000 0.0000000 0.0000000 
-0.900 0.0000000 0.0000000 0.0000000 
-0.700 0.0000000 0.0000000 0.0000000 
-0.300 0.0000000 0.0000000 0.0000000 
0.300 0.0000000 0.0000000 0.0000000 
0.700 0.0000000 0.0000000 0.0000000 
0.900 0.0000000 0.0000000 0.0000000 
0.920 0.0000000 0.0000000 0.0000000 
0.940 0.0000000 0.0000000 0.0000000 
0.960 0.0000000 0.0000000 0.0000000 
0.980 0.0000355 0.0000355 0.0000355 
1.000 2.0000000 2.0000000 2.0000000 
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