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1. INTRODUCTION:

In this paper we have introduced contraction type mappings in 2 — Uniform spaces
and them some fixed point theore as have been proved in 2 — uniform space. Our results
generalizes the results of many authors such as Lal and Singh [3], Das and Sharms [1]
Singh and Singh [5] etc.

1.1 PRELIMINARIES:
In this section we shall do some definitions and lemmas.

1.1 DEFINITION: A Pseudo — 2 — Metric p for a set X in a real valued function
defined on X x X x X, such that for all a,b,c,d, € X, we have

(1) p(a,b,c) > O and p(a,b,c) .. O. If at least two of a.b.c are equal.

(i) p(a,b,c) = p(b,c,a) = p(c,a,b) = ..... SO on.

(iii) p(a,b,c) < p(a,b,d) + p(a,d,c) + p(d,b,c).

A set X together with a pseudo 2 - metric P Is called pseudo — 2 — metric space

(X.p).

(1.1.2) DEFINITION: A 2 — uniformity for a set X is a non void family .. of subsets of
X x X x X such that

(u;) each member of .... Contains the diagonal A of X3, A = [(x,x,X) : x € X}
(up) If ue...then vovovcuforsomevin....

(ug) If uand v are members of ... thenu Nve .....

(U Ifue ..o anducv < X’thenve.......
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By 2- uniform space, we mean a set X endowed with 2 — uniformity ... in
X, written as (Xx,....)

(1.1.3) EXAMPLE: Every 2 — metric space (X,d) is 2 — uniform space.

(1.1.4) DEFINITION:  If (x, ....) isa 2 — uniform space, then a subject .... Of ... will
be called a basis for (x, ....)

(MifxeXandue...... , then (xX,x,x) € ....

(i) ifue ..., then u™ contains a member of ......

@(Mfue......... ,thenvovov c uforsomevin.........

(iv) foreachue.... Andve ...... thereisa we ........... in whichwc u Nv.

(7.1.5) DEFINITION: Anet ¢ : D —» Xinaspace X is said to converge to a point X €
X iff ¢ is eventually in every neighbourhood of p.

DEFINITION: By Cauchy net (or fundamental net) in a 2 — uniform space (X, ...... ), we
mean anet ¢ : D — X in the space X such that for an arbitrary member u of there exists
a residual subset B of D satisfying (¢ (a), ¢ (b),c) ¢ ...... , for any three members a,b
and cof E.

(7.1.6) DEFINITION: A 2 —uniform space (X, ...... ) is called
Sequentially complete if every Cauchy sequence in X converge to a point in X.

Now, for any pseudo — 2 —metric p on any r > O, we write

Vin={(Xyz):XyzeXand p(X,y,z) <r}
Let P be a family of pseudo — 2 — metrics on X

Generating the uniformity. Denote V the family of all
Sets of the form l(nwl V (py, 1), where P; € P and

rne>0,1=12......... N (the integer is not fixed). Then clearly V is a base for the
uniformity .......

LetV gV, thenv= l(nwl V (py, r), where

P,ePand r; >0, 1=12 ....................n, Foreach ¢ > Oy,

The set N V(Py,a11), belongs to V we denote this set by o v.

n
1=1
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(1.1.8) LEMMA: If veVand a, B are positive
Thena(Bv) =(@p)v.

(1.1.9) LEMMA: If veVand a, B are positive
Thena v < B v where a <.

(1.1.10) LEMMA: Let p be any pseudo - ... - metricon A
And a,p be any two positive numbers, If (x,y,z)
e aVv(pr)opv(p,r)then
P(X,y,z) < ari+p r.

(1.1.11) LEMMA: IfveVanda, B are positive,
Then avof v < (o + B) v.

(1.1.12) NOTE: Let p be any pseudo — 2 — metric an x and a, B,y be three positive
numbers.

ofv

If (X,y,Z) gav (p’rl) (p’rZ)OW (p’r3)'
Than p(X,y,z) <ary + Bro+vyr3

(1.1.13) LEMMA: Let x,y,Z € X, then for every v in v there is a positive number A such
that (Xx,y,z) € A v. The proofs of .... 1.1.8 — 1.1.13 are simple hence we omit here.

(1.1.14) LEMMA: Let v be any member of V. Then there is a pseudo — 2 — metric p on
X, s,t.v=V(p,).

Proof: Let (x,y,z) be any three points of X, The by lemma (1.1.15) there is a A > U such
that (X,y,z) e A, V write Axynp={A:A>uand (Xy,z) er, V}

Now we define p(x,y,z) by p(x,y,z) = Inf {A : L & A(X,y,2) }.

If x € X, then clearly (X x X x X) ¢ v for any > o.
This shows that A(X,x,x) ={A: A >0 }.

So p(x,x,x) = Inf A(x,x,x) = O. Again since v is symmetric it follows that
AXY,2D) =AY, Z,X) =AEZ X, Y) = i

So,
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P(X,y,2) = p(z,x,y) =pY,Z,X) = cevvrverannen > 0.
Now Let x,y,z,a be any four points of X. Choose € > O

Arbitrarily, Tak o =p (x,y,a) + &,
B=po(x,a,z)>candy=p(a,Vy,z) +¢

The, a e A(x,y,a),BeA(X,az)andye A(ay,2)
e(xy,a)e aV, (coo...... YeBvand(ay,z)eyyv,

This gives that (X,y,z2) e v O0a voyv=avopBvoyvc(atpf+y)v(bynote
1.1.12)

Thus, (a+B+y) € A (X,y,2).
So,

P(x,y,2) i1s o+ B +y=p (x,y,a) +p(x,a,z) +p(a,y,z) +3 ¢
Since ¢ > U is arbitrarily, be get

P(x,y.z) <p(xy,a) + p(x,a,z) +p(ay.z)
Thus, p is a pseudo - 2 metric on X.

Letx,y,ze A and p(x,y,z) < 1. Choose any o with
p (X,y,z) <a <1, Then a g A (X,y,z) which gives that

(xy,2) eav cv. (By lemma 1.1.9). So
(l) Vip1 < V

Again let (x,y,z) € V. Since v ¢ V. We can choose
V= ﬁ V(pl,rl),Plg P and ry> 0.
1=1

Write o = Py (X,y,2), then O < a% x1, (1=12,....n)
1

Let 6 =max, {%,1=1,2 .......... n}. ThenO< 0 < 1.
1

Choose any positive a with 6 < a <1, we have

Pl(x,y,z):alzﬁrlserlsrl(l:1,2 ................. , N)
r1
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n

So, (x,y,2) e N V(pp,r) =av

1=1

And hence p(x,y,z) <a<1. Thus
(“) V c V(p‘ 1),

From | and Il, we get V = V(p,l).

NOTE: We shall call p- Minkowski’s pseudo — 2 — Metric of V.

(1.1.15) DEFINITION: Let B be a basic for the 2 — uniform
Space(X,.....) and let fbe a function on X into X, then

(a) f is said to be a _contraction with respect to ......
If (f(x), f(y), z) € U whenever (x,y,z) e U ....

(b) f is said to be expansion with respect to .....
If (X,y,z) € U whenever (f(x), f(y), z) eUe .......

1.2 RESULTS OF FIXED POINT OF OPERATIONS:

In this section we assure that (X, ...... ) isa 2 —uniform space which is sequentially
complete and also Hausdorif, Further we suppose that P is a fixed family of paseudo —
2 — metric on X which generates the uniformity ....We denote y the family of all sets

the form l(nwl V (py, 1), Pre Pandr, > O.

(the integer n is not fixed).
By an operator on X we mean a mapping of X into itself.

(1.2.1) THEOREM: Léet {S1, Spyeveevvnernnn. S, yand {Ty, Tooionnns T, }

(1
(i)
(iii)

Be two sets of operators such that

S;(1<1<qgy)and T, (1 <p<q)all maps X into itself.
T, T, =T, T, where1<py< 0y

For all x, y, € X and for every a € X and each

p €P,any five members Vi, V,,V3, V4, V5inV

(S(x), T(y), o)) € 01 V1 0 0tp V2 O O3 V3 O 0Ly V4, O 05 Vs With
S:S]_ ...... Sql;T:Tl ............ T . If

gz

(X’ S(X)’ a) € Vli (y’ T(X)’ a) € V2’ (X’ T(y)’ a) € V3

(y, S(x), a) € V4, (X,y, o) € Vs, where each
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o (1=1,2,........... 5) are non-negative real numbers

Independent of x,y,a, V1, V3, V3, V4, V5 such that

(iv) O < & +338; :az+a4
l—az—as l—az—as

+a
> <1l-0u-03 %0, 1-01 -04 #0.

Then S; (1<1<qy)and T, (1< p<qy) all have a unique common fixed point.

Proof: From given condition (iv) we have

g top toztatos<l. ... (1)
Suppose Ky = M; K, = B ta, +3; 2)
l-a, —a, l-a, —a,

Let v be any member of V and p be the Mindowski’s

2 pseudo 2 - retric of V. Consider x,y,a be any three

Points of X.
PUt’ p(X’ SQX), a) =rn . p(y’ T(y)’ a) =Ty
P(X’ T(y)’ a) =1I3 : P(y’ S(X)’ a) =TIy,
P (x,y,a) = r5 and take € > O, then
(X’ S(X)’ a) € (Xl + 8) v, (y’ T(y)’ a) € (r2 + 8) V’
(X’ T(y)’ a) € (r3 + S)V! (y’ S(X)’ a) € ( g + 8) vV,

(x,y,a) € (rs + €) v. Then by given condition we have

(S(x), T(y),a) ea;(rr+te)voa,(r,+e)voas(rs+e)voas(rs+e)voas(rs +¢)v.

Then by lemma (1.1.10), we get

P(S(x), T(y), a) <ay(ri +€) +a(ro+e) +as(r3+¢) +as(rs+¢€) +as(rs +e)

=M= htaghtantash+r(@+tatata)e

As ¢ is arbitrary, we have

p(S(X)’ T(y)’ a) < ag p(X’ S(X)’ a) T a p (y’ T(y)’ a) + asp (X’ T(y)’a) T a P(y’ S(X)’a)

+as p (X,Y,a).

We take any Xo € X and construct a sequence {x; } in X by setting

Xone1 = S(X2rn) and Xonsp+ = TXon+ fOrn=0,1,2,.......ccceennenn

Now, p(Xan.1, Xon'@) = P(S(X2n-2), T(X2n-1), @)
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<a; P (Xan2), T(X2n-2), @)
+ a2 P(Xan-1, T(X2n-1), @)

+ a3 P(Xan-2, T(X2n-1), @)
+as P (Xon1, T(X2n-1), @)
+ a5 P(Xan-2, T(X2n-1), @)

Hence, P(Xon-1, Xon, @) ...... K1 p(X2n2, T(X2n-1), @)
From(2) .c..coovvvviiieeeee. (4)
Now, p(Xan-1, Xon +1, @) = P(T(X2n-1), S( X2n),2)

= p(S( X2n), T(X2n-1),8)
<a; P (Xon, S Xon @)

+ @ P(Xan-1, TX2n-1,2)
+ a3 P(Xan, TX2n-1,0)

+ a4 P(Xan-1, SX2n,8)

+ a5 P(Xon-1, X2n,@)

1.8 P(Xan, Xon-1,8) £ Ko P(Xon-1, Xons@) «ennevvevnerennenineieannaenns (5)
§ Ky K2 p(X2n-2, X2n-1,8)

< Ki" K" P(XoX1,8) oevneiiininn, (6)

and  p(Xan+1, Xon+2,8) < Ky P (Xan, X20+1,0)
s ki ki" ko p(XoX1,2) (from (6))
2,+1
2

=(1+ky) (kika)  p(Xo,X1,8)
Therefore by repeated use of trainable inequality and of Reduction formulas (6) and (7),
we get

P(Xm’ Xm+n’ a) < p(xm’xm+1’ xm+n) + D(Xm, Xm+1’a)
+ D(Xm+1, Xm+2, Xm+n) + D(Xm+1, Xm+2,a)

+ p(xm+n—2, Xm+n-1, xm+n) + p(xm+n-1, Xm+n,a)

Now, p(Xan-1, Xon+1, 8)= P(T(X2n-1), S(X2n), @)
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= p(S(X2n), T(X2n-1), @)
< a3 P(X2n, SXon, @)

+ ay P(X2n-1, TXon.1, Q)
+ a3 P(Xon, TX2n-1, @)

+ ay P(Xon-1, SXon-1, @)
+ a5 P(X2n-1, Xon, @)

.. P(Xon, Xon+1, @)< Ko P(Xon-1, Xons @) «evvneennnnn 5)
< K1 Ko p(Xan-2, Xon-1, @)

<
< Ki"Ky" P(X0:X1,8) cevirininnn, (6)
ANd p(Xzn+2, X2n+2,8) < K1 P(X2n, Xon+1, @)

<

A o omeoee

ki ki" k2" p(Xo, X1,) (from (6))
2n2+1 ................. 0
= (1 +ky) (kg ko) P(Xo, X1,2)

Therefore by repeated use of triangle inequality and of reduction formulas (6) and (7), we
get

P(Xm, Xm+ny ) <P (Xm, Xm+1, Xmen) + PXm, Xm+1, @)-
+P(Xme+1y Xm+2 Xmen) FPXm+1, Xm+2,8)
+ +

+ P(Xm+n-2, Xm+n-1, Xm+n) + PXm+n -15 Xmens &)
Now we show that p(Xm , Xm+1, Xm+2) = O.

p(Xm+1’ Xm+2, Xm) = p(Sxm, TXme+1, Xm)
< aP (Xm, SXm, SXm) + 82(Xm+1, TXme+1, Xm)
+ a3 P(Xm+1, TXm+1, Xm) &P (Xm=1, SXm, Xm)
+ a5 P(Xm, Xm+1, Xm)
= a1P(Xm, Xm+1, Xm) + 82 P(Xm+1, Xm+2, Xm)
+ a3 P (Xm, Xm+1, Xm) + &4 P(Xm+1, Xm+1, Xm)
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+ a5 P (Xm, Xm+1, Xm) + @ o o o
=10 + ap (Xm+1, Xme2, Xm) + 83+ 84 + 5.

(1- 32)  P(Xme1, Xm2, Xm) < O which implies that p (Xm+1, Xm+2, Xm) = O.
Now, we show that p(Xo, X1, Xm) =0 form=0,1,2,...........

This is true for m = O, and m = 1, Suppose now that it holds for every min2 <m<k-1.
Then

P(Xo, X1, Xk) < P(Xoy X1, Xk-1) + P(Xos Xk-15 Xk) + P( Xi1 Xg,X..)
< (1 +ky)( Ky ko) % [ P(Xo:Xor X1) + P(Xor X1, X1)] = O

Hence p ((Xo, X1, Xm) = O
Since p (Xm, SXme1, Xmen) < (1K) (Kiko)™ [P(Xoy X1, Xmen)],

It follows that p(Xm, Xm+1, Xm+n) = 0 and thus

P(Xiny Xmmenms @) < (1+Kqe) (KiK)™2 +( koko) + m2+1 ..........................
~2
....... (kiks) 2172 1 p(xoixs, a)

As kik, <1 the R.H,S of the above inequality tends to zero as n — o0, Hence (x,) is a
Cauchy sequence. Since X is sequentially complete there is a point ... in x such that u
= n L o, X,

Now we show that u is a uniqgue common fixed point of s and T. Let v be any member of
V and p be the Minkowski’s pseudo 2 — metric of v. For any positive integer n, we have

P(U, Sy,a) < p(U,SyXzn) + P(U;X2n,a) + P(X2n,,SU,2)
= p(u, Xaon, @) + p(u, Su, Xzn) + p(TXzn-1, Su, @)
< p(u, Xzn, @) + p(U, SU, Xzq) + a1 P(U,S,,)
+ ;P (X2n.1, TX2n1,8) + @3 P(U, TX20.1,2)
+ a,P(Xon.1, SU, @) + a5 p(U, X2n,2)
0 P(U,Xzn, ) + P(U, SU, Xzn) + a; p(u, Su, a)
+ 8 P(Xan-1, Xan+1,2) + a3 P(U, X2n, Q)
+ a4p(Xzn1, SU, @) + a3 p(U, Xzn, @)

Whenn — o, as Xop = U, Xon1 — U, Xopg — U.

And thus
p(u, Su, a) = a; p(u, Su, a) + a4 (u, Su, a)
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or, (1-a;—a4)v(u,Su,a)< O
i.e. p(u, Su, a) =0, So (u, Su, a) g V.

v being arbitrary and X being Hausdorix space.

We have u = Su. Similarly, u = Tu.
For the uniqueness of u, let u U is also fixed point common to both Sand T such
that S (u) = T(u) = u giving p(u, u,a) = p(Su, Tu,a)
<ay p(u, Su, &) +a p(u, T(u), a) +as p(u,T, (u), a) +a, p(u, S(u).a) + &
p(u, u, a).
i.e p(u, u,a) <a pu,u,a) +a p(u,u,a) +as p(u, u,a) +a; p (u,u,a) +as p(u, u,a)
which gives p(u, u,a) <O and thus u=u.

Now we shall show that u is the unique common fixed pointof S; (1<1<q,) and
Tp(l<p<g).

For S(u) =uand S(Sy(u)) = S;S(u) = S; (u).

i.e. S;(u) = u by the uniqueness of u as the fixed points of S. Similarly T, (u) = u. Finally
we shall show that u is the only fixed point common to

St 1<1<qgyand..... W(Ipu<qy). Forif u” were such a point such that u” = u and
Sl(u):Tu(y):u .
Then p(u,u,a).....p (S: (u), TM(*u ), a)
...... p (S(u), T(u), a) ) )
<a; p(u, Sy, a) +a2p(u*, Tu,a)+
asp(u, Tu,a)+a,p(u, Su,a)+
as p (u, U, a)

Which givesp (u, u’,@)=Oandsou=u". //

(1.2.2) THEOREM: Let T; and T, be two operators such that

(1) Ty and T=2 map X into itself
(ll) T1T2 = T2T1
(iv)  for all x,y,z4, z, € X and each a € x and each

p € p any six members Vi, Vs, V3,V4, Vs, Vg IN V
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(Ty(x), To(y),a) <a; Vi 0@V, 0a3V30a4 V4 0 a5 Vs 0 8g Vg
If (X, T1"(z1), ) € vi; (Y, T2(22),3) € V2; (X, T1"(z2), @) € V3;
(v, Ti%z0),a) € Va; (T1(x0), T2(x2), @) € Vs and

(x,y,a) evgwherea; (i=1,2...............6) all are
Independent of x,y,a, z3, Z,and vy, Vo ceeevvennane. Vg With
6
< Oforeach i=212................ 6: z < 1, k> 1 (kis an positive integer)

Then T, and T, have a unique common fixed point.

Proof: Suppose v be any member of v and p the Minkowski’s pseudo — 2 — metric of
V — Write.

P(x,lek(zl), a)=r, :p(y, Tzklgzz), a)=r

P(X, sz (22), a;() =13 :p(y, T1'(z0), @) =14

P(T1" (z1), T2" (z0), @) =15 : p (X,y,a) = .

For any € > O we have

(X’le(zl)’ a)e(ri+e)v:(y, T, (z2),@) € (n+e)v
(X, Tzk(zl)’ a)e(rs+e)v:(y, T (z1),@) € (a+e)v
(Tz1), T2X(20), @) & (rs+ € )v: (X.y,a) € (rs + €) V.
Then by given conditions

(f(x), 9(y), @) e as(r. + &) Voa(ro + e) voag(rs+e)voas (i +e)voas (ls + &) Vo
aﬁ(rﬁ + 8) V

They by lemma (1.1.10) and since ¢ is arbitrary, we have

P(f(x), g(y), @) < aip (x,F(x2), @) + &, p(y,g“(z)a) +
asp (x,9°(z2).2) + ap(y,f(z1),a) +
asp (f(21),0"(z2), 3) + ag POX,Y,) wvvvvveennns (1)

For arbitrary z and w in X put

X = T,XX), y = T5W), X, = w, %, = x in (1) we get
P(T(TX(X), To(T“(W)),a) < a p(T>*(2), TW),a) ......... (2)

(wherea=a; +ay+tas+ag<1)
Let X, € X be arbitrary, Consider {x,} as follows:
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) Ti(X,.1) when niis odd
" |T,(X,.,) when nis even

In view of the given condition (ii) we observe that
Xon=T1" T, (Xo) *Xon+1 = T1n+1 T, (Xo)
Let n >t which gives no = £ + g for some positive integer g > 1.

P(in‘ X2n+1, a) — p(-l—lt+g -|-2t+g (XO)’ -|-2t+g Tlt+g'1(xo)’ a)
<ap(Ty "9 1,19 (x0), T2 9 T, 79 (%,),0)
Using (2)

<a’ p(Tlt T, 9 (Xo), th T bl (Xo),8)
= & p(Ty bl th (Xo), Tzt+g Tlt (Xo),8)

<@ty T2' (%), T2 T (%o), a)
i.e P(Xan, Xan+1, @) < a2 P (Xzy, Xot+1,2)
Taking m > n >t, and preoceeding similarly to the previous theorem we can show that

{x,} is a Cauchy sequence in X, Since x is sequentially complete Housdorff

space, there exitsu ¢ x suchthat u= Ltx".

For any odd positive integer h, we have
P(u, T2(u), @) < p(u,To(u), Xn) + p(UXna) + p(Xn, T2 U, @)

= p(u, T2(u), Xn) + P(UXn,3) + P(T1(Xn-1, To(u), @)
Taking X = Xnq 1Y = U, Z = T2% (Xna), Z2 = T1¥(Xna) in (1)
And using the above inequality, we get

P(u, T2(u), @) < p(u,T2(u), X») + p(u,xna)
+ (a1 + az)p (Xn-1, Xn+2k-1,d)
+ (82 + a1) (U, Xns2k-1,2) + 36P(Xp-1, U, @)

When h — o0 X, Xp-1, Xn+2n2 all tends to u.
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i.e. p(u, T,(u), @) < O. Thus p(u, T,(u), a) € V.
v being an arbitrary and x being Hausdorff space.
We have u = T,(u). Similarly we can show that u = T4(u).

Thus u is a common fixed point of T, and T,. To show that the uniqueness of u. Let

:3;& u is also a common fixed point of T, and T, such that

Forthiswe putx=u=2z,andy = u=zin (1) and we get the desired result. //
(7.2.3) THEORM: Let T, and T, be two operators such that

() T1, T, maps X into itself

(i) T, T,= T, T,

(i)  For all x,y,z, z5, z3 in < and for each a € X and each p € P, any five members
V1,V2,V3 V4, Vs IN V.

(T(x), Ta(y), @) €@V1 08, V2083V30 8 V40 a5 Vs

If (X’ le (Zl)ia) € Vl : (y’ gk(XZ)i a) € V2 .
(T(x), le(Xg),a) e Vs (Ta(y), le(zg),a) e V4 : (X,y,a) € Vs where each a; (i=1,2,3,4,5)

are independent of X,y,a,Xq,X,X3 and vy V, V3 V4 Vs with each

5
a;(i=1,2,3,45) >0, X a;<1, k=>1(kisan integer).
i=1
Then T, and T, have a unique common fixed point in X.
Proof: Let v be any member of V and p the Minkowaki’s pseudo 2-metric of v. Put
P(x, T (x1), a) = r1:p(y, gk (X2), @) = 1p: p(T1(X), T1* (z3), @) =13
P(Ta(y), T1"(zs), @) = I+ : p(X,y,a) = Vs. For any & > o,

We have, (X, T (1), @) € (h+&)Vv:(y,TX(z2),a) e (rp+¢)Vv
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(To(X), T2(Xa), @) € (rs + &) v 1 (Ta(y), T1"(z3).a) € (14 + €) v (x,y,a) & (15 + &) V. Then by
the given condition

(Ty(X), Ta(y),@)ear (rrte)voa(ro+te)voas(rs+e)voas (i +e)voas (rs+e)v.
Then by lemma (1.1.10) and since ¢ is arbitrary, thus

P(T1(X) T2(y), @) <& p(X,le(lE)’ a) +a, p(y, Tzk(Y), a)
+az p (T(X), T2 (z3), )
+a, p(T2 (y), le(z3), a)
+ a5 POGY,Q) e (1)

For arbitrary z,w £ X, Put x = T, (2), y = T{*(w),

X1=W, 2, %, z3 =g (w) in (1) we get

P(Tl(Tzk(%)), T2(T1"(w),a) <@ p(Tzk(Z), le(W)’a)
+a; p(le(W), Tzk(z), a)
+a3 p (TH(T2"(@), T (T2(w)), a)
+ay p (ToT1H (W), T(T2(w)), a)
+as p (T2"(2), T (W), a)

i.e. p(To,T242), T2 T2(w), @) < a p(T,*92), T,"(w),a)

a, +a, +a
21_—;35<
Let X, € X be arbitrary, We define a sequence {x,} as foolows
T, (X,,) If nisodd
" {TZ (X,,) Ifniseven

Where a = 1

Now as proved in earlier theorems we can show that {x,} is a Cauchy sequence and

since x is sequentially complete Hausdorff space there exists a point u € X such that u =

Lt e
n X, . For any positive integer h, we have
— ®©

P(u, To(u),a) < p(u, To(u), Xn) + p(u, Xp, 8) + p(Xn, To(u), )
= p(u’ TZ(U)’ Xh) + p(U,Xh, a) + p (Tl (Xh-l)i TZ(U)’ a)

Taking X = Xpp Y = U, X3 = T2*(Xn4), Zo = T1*(Xn) in (1) and using the above inequality
we get

P(U, Tz(U)a) < p(U,Tz(U), )éh) +Kp(u’ Xhs a) +
P (Xpg, T1" T2~ (Xnp1), @+
2, P(U, T T4 (Xoa), @ +
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a3 P(T1, X1, T1 T2 (Xna), @) +

a4 p (T2 (U), T To"(Xna), @) +

as P(Xn-1, U, @)

< p(u, To(u), Xp) + p(U, Xp, @) + a1 P (X1, Xn+2 k-1, @)
+a P (Xp-1, Xn+2k-1,8) + 83P(Xn, Xn+2k-1,)

+ X4 P(T2(U),Xn+2k-1,8) + asP(Xn-1,U,Q)

When h — o0, Xp, Xp-1, Xn+2k-1 all tends to u.

ThUS, p(U,Tz(U),a) < p(U,Tz(U),U) + p(U, u, S) + (al + a2 + 3.3 + a5) p(U,U,a) + a4p(T2(u), u,
a)
i.e. (1-a4) p(u,To(u),a) < O which gives

p(u, T»(u), a) = O, Hence (u, T,(u), a) € v.

As v being arbitrary and X being a Hausdorff speace, we have u = T,(u). Similarly
u = Ty(u). Thus, u is a common fixed point of T, and T,. To prove that u is the unique
common fixed point of T, and T,. To prove that u is the unique common fixed point of
T, and T,. Let uy # u be another point such that T,(u,) = T2(uo) = U, giving p(u, Ue, a) =
p(T1(u), T2(up), @). Taking X =u =2z, and y = u, = z; = z3 in (1) we get the desired result.

(7.2.4) THEOREM: Let f and g be two operators such that

() f,g maps Xinto itself

@) f,g=gf

(i) for all x,y,Xy, Xo, 23, Z4 € X and for each a € x and each p € p any four members
Vi Vo V3 Vg In v (f(X), 9(y), @) ea; V108, V, 083 V3 0 a4 Vs,

If (x,f(x1), @) e v : (V,0“(%2), ) € V5
(f(x), F(x3), @) Vs (9(y), f(Xs) & Vi, where each
a; (1=1,2,3,4) are independent of X,y,a,21,2, Z3 24

and vy, V,, V3, V4, 8; > O foreach 1 =1,2,3,4 and
4

Y a;<1,k>1(kisan integer).
i=1
Then f and £ have a unique common fixed point in Xx.
Proof: Suppose v be any member of V and p the Minkowaki’s paeudc 2 — metric of v.
Put p(x, 7 (z1), @) =1 : p(y, 9(z2), @) = 12
P(f(x), F(za), ) =r3:p (9(y), 9(20), @) = .
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Now for any € > O, we have

(x, fz), Q) e (n+e) v (X gz2), @) e (n+¢€) v,
(F(x), F(x3), @) € (r3 + ) V; (9(Y), 9"(Za),@) € (3 + €) v

Thus by given condition we have

(f(x), g(y),a) ea (n+e)voayn+e)voaz(rste)voa(ry+e)Vv
Then by lemma (1.1.10) and since ¢ is arbitrary, we have

P(f(x), g(y), 3) < & rz(lé,fk(zl),a) , 3 p(Y,g(22), @), asp (F(X), 7(za), @) + aup(a(y), 9“(za), @)

Now for the arbitrary x,w € X, put

X = g"(2), y = f(w), s =w, z, = z, 3 = g(w), then we have
P(fg“(2), of“(w),a) < a1 p (g“(2), F(W), @)
+ 2, p (f(W), g(w), a)
+ a3 p(fg(2), f(w), )
+ a4 p(gf‘(w), g“f(w), a)
< ap(gx), W), a) ...ooeoeeennnene (2)

a, +a,
1-a, —a,

Where a=

Let X, be arbitrary, Define a sequence {x,} as follows

f(x,,)when nis odd
" |g(x,,)when niseven

In view of given condition (ii) we observe that
Xon =" g" (Xo) and Xon+1 = ™ g"(X,). Let n>t

Which gives n =t + g for some integer q > 1, then proceeding as in previous theorem we
have

P(Xan, Xone1+, @) <@~ % p(Xat, Xots1, Q)

Now for m > n >t then again proceeding similar to the previous theorem we can show
that {x,} is a Cauchy sequence. Since X is sequentially complete Hausedorff
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. Lt
Space, there exists u e X suchthat u=n X
—> 0

n-

For any odd positive integer h, we have

P(u, g(u), a) < p(u, g(u), Xn + p (U, Xn, @) + p(Xn, g(u), @)
= p(u,g (U), Xn) + p(u,Xn,a) P(f(Xh-1), g(u),a)

Taklng X=Xn1,Y=U 21= gk (Xh'l)i Z; = fk (Xh-l)'

In (1) and using the above inequality we get

P(u, g(u), 3) < p(u, g(U), Xn + P (U, Xn, @) + a1 P(Xna, T G (Xr1), @
+app(ug g (xna), @) + aap(fxna) , I 9°((xn1). @
+asp(g(u), g (Xn1), @)
=p (u,g(u), Xn) + p(U, X, @) + a1 P(Xn-1, Xn+2k-1, &)

+ 25 P(U, Xhr2k-1,8) + 83 P(Xn, Xn+2k-1, Q)
+ a4 p(g(u), Xn+ok-1, )

Then h — o, Xp, Xh-1, Xns2k-1 all tends to u.

Therefore p(1-a4) p(u, g(u), a) < O which implies

That p(u, g(u), a) = O. Hence (u, g(u), a) € v.

Since v is arbitrary and X is a Hausdorff space.

Therefore, we have u = g(u). Similarly u = f(u).

Thus u is the common fixed point of f and g. For the uniquences of u. Let u=u be such
that

f(u) = g(u) =(u). Onputtingx=u=2, =2,

andy = u =2z, =z in (1) the desired result follows.? //

(7.2.5) THEOREM: Let f and g be two operators such that

() f, g map x into itself
@) fg=gf
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(i) for all x,y,24,25,23,24, € X and for every a € X and each p ¢ P, any ten members
Vi, Vo, V3 eieeieannen, Vi INV

(f(x), g(y),a) eag vi0a;V, 083V, 083V3084 V4085 V5085 Vs 0ay V7 0ag Vg 0ag Vg 0ayg
Vio.

If (x,F(z1), @) & Vi : (¥, 0(22), @) & V2 & (F(X), F(z3), @) & V3 (9(Y), 9°%(2a), @) € Va © (X,0°(22),
g(y), @) € Vs : (%,Y,a) & Vg : (F(X), 9°(24), @) V7 : ((z3), (), @) & Vg : (F(X3), 9°(24), @) & Vo (
g, fk(zl)’ a) € Vig.

Where each a; (1=1,2...................10) are independent of
X.Y,a, 21, 22,23, zgand vis (1=1,2 ..................10)
10
Witheacha ;2O (i =12, ........eeeen. 10), ¥ a<landsk=>1.
i=1

Then f and g have a unique common fixed point in X.

Proof: Let v be any member of V and p is the Minkowski’s pseudo — 2 — metric of
v. Write

POF(x,), @) =112 p (V,0°(22), @) = 12

P(f(x), F(xs), @) = 15 1 p(9(Y), §°(2a), @) =14 :

P(x,9°(z5), @) = Is : p(x,y,a) =I5 : p(f(x), 9°(z4), @) =17 :

P(f(z5), 9(¥).2) = s : P(f(23), 0°(za), @) = 1o :

P(y, f(z1), @) = r1o.

For any arbitrary ¢ > 0, we have (x,f(z1), @) € (f, + ) V;

(v.9°(22), @) & (2 + &) v ; (FX), F(rs), @) & (3 + &) v ;
), 0" @a)a) e (ra+e) v:(xg(22), ) & (r5+¢) V;
(x,y,a) € (rs + &) v; (f(x), 9°(z4), @) & (17 + &) V;

(f(za), 9(y), @) & (rs + &) v 1 (f(z3), °(24), @) & (1o + &) V:
(y, (z0), a) € (1o + €) v. Thus from given condition

We have

(f(x), 9(y), @) ea; (n+e)voay(r,+e)voaz9rz+e)o
a((rp+te)voas(is+e)voag(rete)vo
a;(r,+e)voag(rg+e)voag(rgte)vo

a0 (ro + €) V.
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Now by lemma (1.1.10) and since ¢ is arbitrary, thus we have

p(f(x), 9(y),a) < a; p(x,fk(>k<1),a) +a, p(y,9°)(%2),2)
+ agp(f(x), F(z3), @) + as p(a(y), 9°(z4), a) +
+ a5p(x,gS(X2),a) + a6 p(X’y’a) +
+ a7 p(f(x), 0°(z4), @) + ag p(fk(zsz, a(y).a)
+ a9 p(F(z3) 9°(z4), @) + arop(y, F(x2), @) .eeeenna, (1)

For arbitrary x,w in X, Put x = ¢ (z), y = f(w),

X1=W, 2;=2,23=0(W), 24 =f(z) in (1) we get

P(f(@°(2), 9(f(w)),a) < alp(gsk(z), f(w), a) +
+ a, p(f(w), gslgz), a)
+ a3 p(f(gsk(z), (g(w)), a)
+ a4 p(a(fi(w)), g°(f(2)), a) +
+as p(9°(2), 9°(2), a) +
+ a5 p(0°(2), F(w), a) +
+ay p(fggs(z)), gs(f(kz)), a) +
+ag p(f (g(w), 9(F'(w)), a) +
+ ag p(f(g(w)), 9°(f(2)), @)
+ a10 p(fk(W)’ fk(W)’ a) +

Le. p(f(g'@). 9(F(w)).2) < (1 g jp(g&(z), f*(w).2)

<ap(@@), fw), a) ............ (2)

+a, +a
Where a= &+a, +a
1-a,—a, —a,

Let X, € X be arbitrary. Consider the sequence (x,) as follows:

| f(x,4) when niis odd
- g(x,,) when niseven

n

In view of condition (ii) we observe that
Xon =" g" (Xo) and Xong = £ g" (Xo)
Let n > q which gives n=q + 1, for some integer | > 1

2n-2q

We have p(Xan, Xan+1, @) <7 P (Xag, Xog+1' @)
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Now, for m > n > q, we can show that {x,} is a Cauchy sequence by similar process as

done in previous theorem. Since X is sequentially complete Hausdorff space. Therefore

) Lim T
exists a number u € X such that n X, = U. For any positive integer h we have
—>

P(u, g(u), @) < p(u,g(u), Xx) + p(u, Xp,a) + p(xn, g(u), a)
= p(u,g(u), Xn) + p(u,xn,a) + p(f(Xn-1), 9(u), @)

Now taking X = Xp.1, ¥ = U, Z1 = 0°(Xn-1) = Zs.
X, = f(Xn1) = X4 in (1) and using in the above

Inequality we have

P(u,g(u), a) < p(u,g(u), xp) + p(U, Xx, a) +
+ alp(xh-l’fk(gs(xh-l))’ a)

+ 2, p(U, g°(F(Xn-0)), @) +

+ ds p(f(xh-l)i fk(kgs(xh-l))i a) *
+2,p(gU), ¢ (F(xna)), @) +

+ a5 P(Xh-1, O°(F(Xn1)), @) +

+ 8 P(Xp-1, U, @) +

+ a7 p(f(xn), O (F(xn1), @) +

+ag P (F(°(Xn), 9(U), 3)

+ ag P(F(9°(Xn1)), 9° (F(Xp-0), @) +

+ao p (U, fk(gs(xh-l))’ a)

= p(u,g(u), Xn) + p(u,Xn,8) + a1P(Xn-1, Xn+kss-1, &)
+ 8P(U,Xn+k+s-1,2) + 3P(Xn, Xnkes1,8) +

+ P(g(U), Xn+kss-1, ) + A5P(Xh-1,Xh+k+s-1,8)
+ 8gP(Xh-1,U,8) + 87 P(Xn Xp+kss-1, &) +

+ ag POXn+k+s-1, G(U), @) + a10P(U, Xnks-1,)

Then h — oo, X, Xn-1, Xn+kes-1 all tends to u.

Thus we have

p(u,g(u),a) < p(u,u,a) + p(u,u,a) +
a; p(u,u,a) + a, p(u,u,a) +
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3.3 p(U,U,a) + a4 p( g (U),U,a) +

as p (u,u,a) +as p(u,u,a+

a? p(U, u, a) + a8 p(U, g(U), a) +
a10 p(U, U,a) +

i.e., (1-a4 —ag) p(u, g(u), a) < O which gives

10
p(u,g(u),a)=0as X a;<landp(ug(u)a) ... 0.
i=1

Hence, (u, g(u), a) e v.

Since v being arbitrary and X being Hausdorff space, we have u = g(u). Similarly u =
f(u). Thus us is the common fixed point of f and g. For the uniqueness of u, let u, # u, be
a point such that f(u,) =g (Up) =u. On putting X =u =X, =24 andy = U, = X3 = zzin (1)
we get the desired result. //

Remarks;
(1) 1f we put p = {d} without 2 — uniform space, Theorem 1.2.1 gives theorem of Lal
and Singth [34].

(2) If we put p = {d} without 2 — uniform space, Theorm 1.2.2 to Theorem 1.2.5
give extended form of results of Das and Sharma [11]. Singh and Singh [55(b)]
etc. in 2 — metric space.
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