Available online at www.internationaleJournals.com

INTERNATIONAL
JOURNALOF .
MATHEMATICAL SCIENCES, International eJournals
TECHNOLOGY AND HUMANITIES
International Journal of Mathematical Sciences, Technology and
www.internationalejournals.com Humanities 46 (2012) 466 - 479

Primary Decomposition in A I'-Semigroup

A. Gangadhara Rao*, A. Anjaneyulu?, D. Madhusudhana Rao®.

Dept. of Mathematics,
V SR &N VR College, Tenali, A.P. India.
lra0a01967@gmail.com, anjaneyulu.addala@gmail.com, *dmrmaths@gmail.com

ABSTRACT

In this paper the terms P-primary, primary decomposition of a I'-ideal, reduced primary
decomposition of a I'-ideal in a I'-semigroup S are introduced. If A;, Az, ...A, are P-primary I'-

ideals in a I'-semigroup S, then it is proved that ~A is also a P-primary I'-ideal. 1f a I'-ideal A
i=1
in a I'-semigroup S has a primary decomposition, then it is proved that A has a reduced primary
decomposition.  Further it is proved that every TI'-ideal in a (left, right) duo noetherian
['-semigroup S has a reduced (right, left) primary decomposition. If A and B are two I'-ideals in
a I-semigroup S, then it is proved that A B) ={xeS:<x>B c A} and
A" (B)={x €S:BI<x>c A} are I'-ideals of S containing A. Further it is proved that (1) if
A is a left primary T-ideal of a I'-semigroup S, then A' (B) is a left primary I'-ideal, (2) if Aisa
right primary I'-ideal of a I'-semigroup S, then A" (B) is a right primary I'-ideal. It is proved that
if Q is a P-primary I'-ideal and if A ¢ P, then Q' (A) = Q" (A) =Qand also if AC Pand A ¢ Q,
then V( Q' (A)) = V( Q" (A)) =VQ. If Ay, A,,..... A, B are I'-ideals of a I'-semigroup S, then it is

n I n

proved that[ﬂAj (B)=()(A)'(B). Further if a I-ideal A in a I'-semigroup S has two
i=1 i=1

reduced (one sided) primary decompositions; A = AiNAxN...... NAx = BiNB2N.....Bs, where A;

is Pi -primary and B; is Q;-primary, then it is proved that k = s and after reindexing if necessary

Pi= Qi fori= 1, 2, ...,k.

SUBJECT CLASSIFICATION (2010) : 20M07, 20M11, 20M12.

KEY WORDS : P- primary I'-ideal, left primary decomposition, right primary decomposition,
primary decomposition, reduced primary decomposition.
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1. INTRODUCTION :

I'-semigroup was introduced by Sen and Saha [16] as a generalization of semigroup.
Satyanarayana[14], [15] initiated the study of primary ideals in commutative semigroups and
obtained primary decomposition theorem in commutative noetherian semigroups. Anjaneyulu. A
[1], [2] and [3] initiated the study of primary ideals, semiprimary ideals in general semigroups
and obtained primary decomposition theorem for ideals in a duo noetherian semigroups.
Madhusudhana Rao, Anjaneyulu and Gangadhara Rao [8], and [11] initiated the study of
I-ideals, prime I'-radicals, Primary I'-ideals and semiprimary I'-ideals in I'-semigroups. In this
paper we establish a “ primary decomposition theorem™ in duo noetherian I'-semigroups. Also
we obtain a necessary condition to have a unique reduced primary decomposition for a I'-ideal in
an arbitrary I'-semigroup.

2. PRELIMINARIES :

DEFINITION 2.1 : Let S and I' be any two non-empty sets. Then S is said to be a
I'-semigroup if there exist a mapping from Sx I' x S to S which maps (a, y, b) — a y b satisfying
the condition : (aab)fc = aa(bpc) foralla,b,ceSand a, f € T.

NOTE 2.2 : Let S be a I'-semigroup. If A and B are two subsets of S, we shall denote the set
{ajp:a€eA,beBand yeTI } by AI'B.

DEFINITION 2.3 : A I'-semigroup S is said to be commutative I'-semigroup provided
ayb =bya foralla,peSandy eT.
NOTE 2.4 : If S is a commutative ['-semigroup thenaI'b =bT'aforalla, b €S.

NOTE 2.5 : Let S be a I'-semigroup and a, b € S and « € I. Then aaaab is denoted by (aa)’b
and consequently a a a o a a.....(n terms)b is denoted by (aa)"b.

DEFINITION 2.6 : A nonempty subset A of a I'-semigroup S is said to be a left I'-ideal of S if
seS,ae Aael'implies saae A.

NOTE 2.7 : A nonempty subset A of a ['-semigroup S is a left I'- ideal of S iff STACA.

DEFINITION 2.8 : A nonempty subset A of a TI'-semigroup S is said to be a right
I'-ideal of Sif seS,ae Ajx el'implies aase A.

NOTE 2.9 : A nonempty subset A of a I'-semigroup S is a right I'- ideal of S iff AT'SCA.

DEFINITION 2.10 : A nonempty subset A of a I'-semigroup S is said to be a two sided
I'- ideal or simplyaTI'-ideal of Sifs€ S,a€ A, e I'imply saa € A, aas € A.

NOTE 2.11 : A nonempty subset A of a I'-semigroup S is a two sided I'-ideal iff it is both a left
I'-ideal and a right I'- ideal of S.
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THEOREM 2.12 : The nonempty intersection of any two (left or right) I'-ideals of a
I'-semigroup S is a (left or right) I'-ideal of S.

THEOREM 2.13 : The nonempty intersection of any family of (left or right) I'-ideals of a
I'-semigroup S is a (left or right) I'-ideal of S.

THEOREM 2.14 : The union of any two (left or right) I'-ideals of a I'-semigroup S is a (left or
right) I'-ideal of S.

THEOREM 2.15 : The union of any family of (left or right) I'-ideals of a I'-semigroup S is a
(left or right) I'-ideal of S.

DEFINITION 2.16 : A T-ideal A of a I'-semigroup S is said to be a proper I'-ideal of S if A is
different from S.

DEFINITION 2.17 : AT-ideal A of a I'-semigroup S is said to be a trivial I'-ideal provided S\A
is singleton.

DEFINITION 2.18 : A T-ideal A of a I'-semigroup S is said to be a maximal I'-ideal provided
A is a proper I'-ideal of S and is not properly contained in any proper I'-ideal of S.

THEOREM 219 : If S is a I-semigroup with unity 1 then the union of all proper
I'-ideals of S is the unique maximal I'-ideal of S.

DEFINITION 2.20 : A I'- semigroup S is said to be a left duo I'- semigroup provided every left
I'- ideal of S is a two sided I'- ideal of S.

DEFINITION 2.21 : AT- semigroup S is said to be a right duo I'- semigroup provided every
right I'-ideal of S is a two sided I'- ideal of S.

DEFINITION 2.22 : A T- semigroup S is said to be a duo I'- semigroup provided it is both a
left duo I'- semigroup and a right duo I'- semigroup.

THEOREM 2.23 : A T-semigroup S is a duo T'-semigroup if and only if xI'S' = S'I'x
forall x € S.

DEFINITION 2.24 : A T- ideal P of a I'-semigroup S is said to be a completely prime
I'- ideal provided x,y € S and xI'y € P implies either x e P ory € P.

DEFINITION 2.25 : A T- ideal P of a I'-semigroup S is said to be a prime I'- ideal provided A,
B are two I'-ideals of S and AI'B € P = either A< P or BS P.

THEOREM 2.26 : A T- ideal P of a I'-semigroup S is a prime I'- ideal iff a, b € S such that
aI'S'T’b € P, then eithera € P or b € P.

THEOREM 2.27 : Every completely prime T-ideal of a TI'-semigroup S is a prime
I'-ideal of S.

THEOREM 2.28 : Let S be a commutative I'-semigroup. A T-ideal P of S is prime
I'-ideal if and only if P is a completely prime I'-ideal.
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DEFINITION 2.29 : A TI'-ideal A of a I"-semigroup S is said to be a completely semiprime
I'- ideal provided xI'x € A ; x €S implies x € A.

THEOREM 2.30 : Every completely prime I'-ideal of a I'-semigroup S is a completely
semiprime I'-ideal of S.

THEOREM 231 : The nonempty intersection of any family completely prime
I'-ideals of a I'-semigroup S is a completely semiprime I'-ideal of S.

DEFINITION 2.32 : A T'- ideal A of a I"-semigroup S is said to be a semiprime I'- ideal
provided x € S, xI'S'Tx S A impliesx € A

THEOREM 2.33 : Every completely semiprime I'-ideal of a I'-semigroup S is a semiprime
I'-ideal of S.

THEOREM 2.34 : Let S be a commutative I'-semigroup. A T-ideal A of S is completely
semiprime iff semiprime.

THEOREM 2.35 : Every prime I'-ideal of a I'-semigroup S is a semiprime I'-ideal of S.

THEOREM 2.36 : The nonempty intersection of any family of prime I-ideals of a
I'-semigroup S is a semiprime I'-ideal of S.

NOTATION 2.37 : If A is a I'-ideal of a I'-semigroup S, then we associate the following four
types of sets.
A; = The intersection of all completely prime I'-ideals of S containing A.

A, = {x €S : (XI')"*x € A for some natural number n }
A; = The intersection of all prime ideals of S containing A.

As={x€S: (<x>I)"'<x>c A for some natural number n }
THEOREM 2.38 : If Alis aT- ideal of aT-semigroup S, then AC A, € As; € A, € As.
THEOREM 2.39 : If Ais a I'-ideal ina duo I'-semigroup S then A;= A= Asz= Au.
DEFINITION 2.40 : If A is a I'-ideal of a I"-semigroup S, then the intersection of all prime

I'-ideals of S containing A is called prime I'-radical or simply I'-radical of A and it is denoted
by VA or rad A.

DEFINITION 241 : If A is a I'-ideal of a I'-semigroup S, then the intersection of all
completely prime I'-ideals of S containing A is called complete prime I'-radical or simply
complete I'-radical of A and it is denoted by c. rad A.

NOTE 2.42 : If AisaT-ideal of a I'-semigroup S then rad A = Az and c.rad A = A..
THEOREM 2.43 : If A'is aT-ideal of a duo I'-semigroup S, then rad A=c.rad A

THEOREM 2.44 : If A and B are any two I'-ideals of a I'-semigroup S, then
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() AcSB=1VA)CA®B).
(i)  V(ATB)=+(ANB) =(A) N V(B).
(i) V(A =V(A).

THEOREM 2.45 : If A and B are any two I'-ideals of a I'-semigroup S, then

Q) AcCB=c.rad A Cc.rad B.
(i) c.rad (AI'B) = c.rad (ANB) = c.rad (A) N c.rad (B).
(i)  c.rad (c.rad A) = c.rad A.

3. PRIMARY IDEALS:

DEFINITION 3.1 : AT-ideal A of a I'-semigroup S is said to be a left primary I'-ideal provided

i) If X, Y are two I'-ideals of S such that XI'Y € Aand Y & A then X € VA.
i) VA is a prime I'-ideal of S.

DEFINITION 3.2: A T'-ideal A of a I'-semigroup S is said to be a right primary I'-ideal
provided

i) If X, Y are two [-ideals of S such that XI'Y € Aand X € Athen Y € VA.
i) VA is a prime I'-ideal of S.

DEFINITION 3.3 : AT-ideal A of a I'-semigroup S is said to be a primary I'-ideal provided A
is both a left primary I'-ideal and a right primary I'-ideal.

THEOREM 3.4 : Let A be a I'-ideal of a I'-semigroup S. Then X, Y are two
I-ideals of S such that XI'Y € A and Y € A = X € VA if and only if x, y € S,
<x>T<y>cAandyé¢A=xeVA.

Proof : Suppose that X, Y are two [-ideals of S such that XI'Y € A, YZA = XSVA.
Letx,y€S,<x>I'<y>c Aandy € A. NowyZ A=><y>ZA

By supposition <x>T'<y>C Aand<y> ¢ A= <x>C VA. Therefore x € VA.
Conversely suppose that x, y €S, <x>T'<y>c Aandy ¢ A= x € VA.

Let X, Y be two I'-ideals of S such that XI'Y € Aand Y £ A.

Suppose if possible X & VA. Then there exists x € X such that x VA.

SinceY £ A lety €Y sothaty ¢ A.

Now <x>T<y>C XI'Y S Aandy & A= x € VA. Itis acontradiction. Therefore X € VA.

THEOREM 3.5 : Let A be a I'-ideal of a I'-semigroup S. Then X, Y are two I'-ideals of S
such that XTY S Aand X € A= Y S VA ifand only if X, y€S, <x>T <y>C A and
XgA=yeVA.
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Proof : Suppose that X, Y are two [-ideals of S such that XT'YCSA, XZA = YC VA.
Letx,yeS,<x>I'<y>C Aand x¢ A. Nowx &€ A=><x>Z A,

By supposition <x>I'<y>c Aand<x>¢& A= <y>C JA. Thereforey € VA.
Conversely suppose that x, y €S, <x>T'<y>C Aandx ¢ A=y € VA.

Let X, Y be two I'-ideals of S such that XI'Y € Aand X € A.
Suppose if possible Y ¢ VA. Then there exists y € Y such that y ¢vA.

Since X £ A, let x € X so that x ¢ A.
Now <x>T<y>CXI'Y S Aandx&A=yeVA. ltisacontradiction. Therefore Y < VA.

THEOREM 3.6 : Let S be a commutative I'-semigroup and A be a I'-ideal of S. Then the
following conditions are equivalent.
1) Alis a primary I'-ideal.

2) X, Y are two I'-ideals of S, XI'Y € Aand Y € A = X S VA.
3)x,y€S, XTyS A yg A= xeVA.
Proof: (1) = (2) : Suppose that A is a primary I'-ideal of S.
Then A is a left primary I'-ideal of S.
So by definition 3.1, we get X, Y are two I-ideals of S, XY € A, Y ¢ A= X S VA.

(2) = (3): Suppose that X, Y are two I'-ideals of S, XTY € Aand Y ¢ A= X c VA,
Letx,yeS,xTyc Aandy ¢ A.

XIYyC A=><x>T'<y>CA Alsoyg A=<y>ZA.

Now <x>T<y>Cc Aand<y>¢ A. Therefore by assumption < x > € VA = x € VA.

(3) = (1) : Suppose assume that x, y € S, xI'y S A, y & A then x € VA.

Let X, Y be two I'-ideals of S, XTY € Aand Y £ A.

Y ¢ A = there exists y € Y such that y ¢ A. Suppose if possible X ¢ VA.
Then there exists x €X such that x ¢VA. Now xI'y € XTY € A

Therefore xTy CAand y & A, x ¢VA. It is a contradiction. Therefore X < VA.
Letx,y €S, xI'y € VA. Suppose thaty & VA.

Now xT'y € VA = (x[y[)™(xI'y) € A= (xD)™xT'(y[)™y € A.

Sincey & VA, (yI)™y ¢ A.

Now (xD)™xT(yI)™y € A, (yD)™y ¢ A= (xI)™'x € VA= x e V(VA) =VA.
VA is a completely prime I'-ideal and hence VA is a prime T-ideal.

Therefore A is a left primary I'-ideal. Similarly A is a right primary I'-ideal.

Hence A is a primary I'-ideal.
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NOTE 3.7 : In an arbitrary I'-semigroup a left primary I'-ideal is not necessarily a right primary
I-ideal.

EXAMPLE 3.8 : LetS={a, b, c} and I = {x, y, z}. Define a binary operation . in S as shown
in the following table.

alb|c
alalala
blaja|a
clalb|c

Define a mapping fromS X I' xS — Shby aab = ab, foralla,be Sand @ €T.

It is easy to see that S is a I-semigroup. Now consider the [-ideal, < a > = S'T'ar's* = {a}.
letpfgS<a>pé¢<a>=>qeV<a>= (q[)"'q< <a>forsomen € N.

Since bIlc € <a> cg<a>=bev<a> Therefore<a > is left primary.
Ifbg<a>then(c)™c g <a>foranyneN=c¢V<a>.

Therefore < a > is not right primary.

THEOREM 3.9 : Every I'-ideal A in a I'-semigroup S is left primary if and only if every
I'-ideal A satisfies condition (i) of definition 3.1.

Proof : If every I'-ideal A of S is left primary, then clearly every I'-ideal satisfies condition (i) of
definition 3.1.

Conversely suppose that every I'-ideal of S satisfies condition (i) of definition 3.1.
Let A be any I'-ideal of S. Suppose that x,y € Sand <x>T <y > c VA.

If y & VA, then by our supposition x € V(VA) = VA.

Therefore VA is a prime T'-ideal. Hence A is left primary.

THEOREM 3.10 : Every I'-ideal A in a T-semigroup S is right primary if and only if every
I'-ideal A satisfies condition (i) of definition 3.2.

Proof : If every I'-ideal A of S is right primary, then clearly every I'-ideal satisfies condition (i)
of definition 3.2.
Conversely suppose that every I'-ideal of S satisfies condition (i) of definition 3.2.

Let A be any I'-ideal of S. Suppose that x,y € Sand <x>T <y >c VA,
If x & VA then by our supposition y € V(vA) = VA.

Therefore VA is a prime T'-ideal. Hence A is left primary.

DEFINITION 3.11 : AT-semigroup S is said to be left primary provided every I'-ideal of S is a
left primary I'-ideal of S.
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DEFINITION 3.12 : A T-semigroup S is said to be right primary provided every
I'-ideal of S is a right primary I'-ideal of S.

DEFINITION 3.13 : A I'-semigroup S is said to be primary provided every I'-ideal of S is a
primary I'-ideal of S.

THEOREM 3.14 : Let S be a I'-semigroup with identity and let M be the unique maximal
T-ideal of S. If VA = M for some T-ideal of S, then A is a primary I'-ideal.

Proof : suppose thatx,y €S, <x>T'<y>C Aandy ¢ A.

Ifx ¢ VAthen<x > & VA =M.

By theorem 2.19, M is the union of all proper I'-ideals of S, we have < x > = S and hence
<y>=<x>T<y>CA. ltisacontradiction. Therefore x € VA.
Letx,y€S,<x>I'<y>cVAand<y> ¢ VA

Since M is the unique maximal T'-ideal, we have < x > =S,

Hence<y>=<x>T<y>cVA. Itisa contradiction. Therefore <x>c VA,

Similarly if <x > & VA, then <y > € VA and hence VA = M is a prime T'-ideal.

Thus A is left primary. By symmetry it follows that A is right primary.

Therefore A is a primary I'-ideal.

NOTE 3.15: If a I'-semigroup S has no identity, then the theorem 3.14, is not true, even if the

I'-semigroup S has a unique maximal I'-ideal. In example 3.8, V< a > = M where M = {a, b} is
the unique maximal I'-ideal. But < a > is not a primary I'-ideal.

THEOREM 3.16: If S is a I'-semigroup with identity, then for any natural number n,
(MI)™*M is primary I-ideal of S where M is the unique maximal I'-ideal of S.

Proof : Since M is the only prime T-ideal containing (MI')"*M, we have v((MI'"*M) = M and
hence by theorem 3.14, (MI)™M s a primary I'-ideal.

NOTE 3.17: If S has no identity then theorem 3.16, is not true. In example 3.8, M = {a, b} is
the unique maximal I'-ideal, but MI'M = {a} is not primary.

DEFINITION 3.18 : A I-ideal A of a -semigroup S is said to be semiprimary provided VA is
a prime I'-ideal of S.

DEFINITION 3.19 : AT-semigroup S is said to be a semiprimary I'-semigroup provided every
['-ideal of S is a semiprimary I'-ideal.

THEOREM 3.20 : (1) Every left primary I'-ideal of a I'-semigroup is a semiprimary I'-ideal
(2) Every right primary I'-ideal of a I'-semigroup is a semiprimary I'-ideal.

Proof : By the definition of a left primary I'-ideal of a I'-semigroup, every left primary
I'-ideal is a semiprimary I-ideal. By the definition of a right primary I-ideal of a
I'-semigroup, every right primary I'-ideal is a semiprimary I'-ideal.

473



International Journal of Mathematical Sciences, Technology and Humanities 46 (2012) 466 — 479
A. Gangadhara Rao*, A. Anjaneyulu?, D. Madhusudhana Rao®.

4. PRIMARY DECOMPOSITION IN AT-SEMIGROUP :

DEFINITION 4.1 : Let P be any prime I'-ideal in a I'-semigroup S. A primary I'-ideal Ain S is
said to be P-primary or P is a prime I'-ideal belonging to A provided ~/A = P.

THEOREM 4.2 : If Ay, A, . .., Ay are P-primary I'-ideals in a T'-semigroup S, then ~A is
i=1

also a P-primary I'-ideal.

Proof : Let A= ~A. Now VA = JnA = /A =P. So VA isa prime I'-ideal. Suppose
i=1

<a>[<b>c Aandb & A. Sob ¢ A for somei. Now Suppose <a>I'<b>cC A;and b € A.
Since A; is a P-primary I'-ideal, we have a e\/K =P=+JA. SoAisa left primary I'-ideal.
Similarly we can show that A is a right primary I'-ideal. Thus A is a P-primary I'-ideal.

DEFINITION 4.3 : A I'-ideal A in a I'-semigroup S is said to have a ( left, right ) primary
decomposition if A= A1NAN ... NA, where each A; is a ( left, right ) primary I'-ideal. 1f no A;
contains A1NA2N . . .NA;1NA+1N . . . NA, and the T'-radicals P; of the I'-ideals A; are all
distinct, then the primary decomposition is said to be reduced. If P; is minimal in the set
{ P1, P2, ..., Py} then P;is said to be isolated prime.

THEOREM 4.4 : If aT-ideal A in a I'-semigroup S has a primary decomposition, then A
has a reduced primary decomposition.

Proof : If A = AiNAN . . . NA, where each A; is primary and some A; contains
AiNAN .. .NALNAN .. . NAp, then A = AiNAN .. .NA1NAN ... NA, IS also a
primary decomposition. By thus eliminating the superfluous A; reindexing we have
A= AiNAN ... NAg with no A containing the intersection of other A;. Let Py, Po, . . ., P, be

the distinct prime I'-ideals in the set \/E \/E C \/K Let A, 1 <1 <r be the intersection
of all Aj‘s belonging to the prime P;. By theorem 4.2, each A is primary for Pi. Clearly no

n r
Ai'contains the intersection of all other Aj*. Therefore A = _mlA = _mlAl and hence A has a
i= i=

reduced primary decomposition.

NOTE 4.5 : In an arbitrary ['-semigroup it is not necessarily true that every I'-ideal has a
primary decomposition even if the I"-semigroup is finite.

EXAMPLE 4.6 : LetS={a, b,c}and I = {x, y, z}. Define a binary operation . in S as shown
in the following table.

.la|b]c
alalala
blaja|a
clalb|c
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Define a mapping SxI'x S — Sbhyaab =ab, foralla,be Sand @ €T.
It is easy to see that S is a I'-semigroup. Now consider the I'-ideal < a > = S'Tar's! = {a}.
Letplgc<a>pé&<a>=( E\/<a>=>(q1“)”'1q C <a>forsomen € N.
Sinceb[c S <a>c¢g¢<a>=be<a> Therefore<a>is left primary.
Ifbg<a>then(c)™ce¢<a>foranyneN=c¢V<a>.
Therefore < a > is not right primary. In the I'-semigroup S, { b, ¢ } and { a, b, ¢ } are the only
primary I'-ideals and hence { a } has no primary decomposition.

DEFINITION 4.7 : AT-semigroup S is said to be a noetherian I'-semigroup if ascending chain
if I'-ideals becomes stationary.
e, if A; € A, € A; € --- is an ascending chain of I'-ideals of S, then there exists a natural

number m such that 4,, = A4,, for all natural numbers n > m.

THEOREM 4.8 : Every T'-ideal in a (left, right) duo noetherian I'-semigroup S has a
reduced (right, left) primary decomposition.

Proof : Let X be the collection of all I'-ideals in S which has no primary decomposition. If X is
not empty, then since S is noetherian, £ contains maximal elements. Let C be a maximal element
in X. Clearly C is not primary. Suppose that C is not left primary. Then there exists elements
a,binSsuchthat<a>T'<bh>cC,b¢Candag+C. Since S is a duo I'-semigroup and
hence by theorem 239, VC={x€eS: (xI)" x c C for some natural number n}.
Therefore (al’)*1a & C and hence (ay)™ 'a & C for some y € . For any natural number n,
write B, = {x € S: (ay)"x €C}. Letx€B,ands€S. x € B,= (ay)"x € C. (ay)"x €
C,s €S = (ay)"xys € C > xys € B,. Therefore B, is a right I'-ideal in S. Since S is duo
I'-semigroup, B, is a I'-ideal in S. Now B; € B, € -+ is an ascending chain of I"-ideals in S.
Since S is noetherian there is a natural number k such that B, =B; for all i>k.
Since be By, we have B, contains C properly. Write D = (ay)*¥Su €. Since S is a duo
I'-semigroup, D is a I'-ideal in S and containing C properly. Now we prove that C = B, ND.
Clearly ¢ € B,ND. If x € ByND and x & C, then x = (ay)*y for some y € S. Sincex € B, we
have (ay)*x € C. Therefore (ay)*y = (ay)* (ay)*y = (ay)*x € C. Therefore
(ay)**y € C. So y € By,= B,. Thus x = (ay)*y € C = x € C. It is a contradiction.
So B,ND < C and hence € = B, ND. Since B, and D contains C properly and C is maximal in
Y, By and D have primary decompositions and hence C has a primary decomposition. It is a
contradiction. Thus C is left primary. Similarily we can prove that C is right primary. Hence C
is primary. It is a condiction. Therefore X is empty. Thus every I'-ideal in a duo noetherian
I'-semigroup has a primary decomposition and hence by theorem 4.4, every TI'-ideal has a
reduced primary decomposition.

COROLLARY 4.9 : Every T-ideal in a commutative noetherian I'-semigroup S has a
reduced primary decomposition.
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THEOREM 410 : Let A and B be two TI-ideals in a TI'-semigroup S.
Then A'(B) ={x €S:<x>IBC A} is aTI-ideal of S containing A.

Proof : Letx € A' (B),s€ Sand y € T.
x€A (B)=<x>IBCA Now<syx>IBC<x>IBCA=syxeA (B)

And<xys>IBCS<x>I'BC<SA=xysecA (B).

Therefore sy x, xy s € A' (B). Hence A' (B) is a I'-ideal of S containing A.

THEOREM 411 : Let A and B be two TI-ideals in a TI'-semigroup S.
Then A" (B)={x €S :BI'<x>C A} isaTI-ideal of S containing A.

Proof : Letx € A" (B),se Sand y €T.
X€A" (B)=>BI<x>C A NowBI<syx>CBI<x>C A=>syxeA"(B).

And BI'<xys>CBI<x>C A=>xys€eA" (B).

Therefore s y x, x y s € A" (B). Hence A" (B) is a I'-ideal of S containing A.

THEOREM 4.12 : If A is a left primary T-ideal of a T'-semigroup S, then A' (B) is a left
primary I'-ideal.

Proof : If B € A, then clearly A' (B) = S. Suppose B & A. Letb € B\A. Let x € A' (B).
Then<x>TBC A So<x>I<b>c A Sinceb ¢ A, We have x € YA and hence

V(A'(B)) =VA. Let<x>I'<y>c A'(B)andy ¢ A' (B). Now < x>I'<y>TBCA.
Ifx & V( A' (B)) = VA, then<y >TB C A and hencey € A' (B). It is a contradiction.
So x € V( A' (B)). Therefore A' (B) is a left primary I'-ideal.

THEOREM 4.13 : If Ais a right primary T-ideal of a I'-semigroup S, then A" (B) is a right
primary I'-ideal.

Proof : If B € A, then clearly A" (B) = S. Suppose B ¢ A. Letbh € B\A. Letx € A" (B).
Then BI< x> S A, So<x>I<b>¢c A Since b € A, We have x € YA and hence

V(A" (B)) =VA. Let<x>I'<y>C A" (B)and x ¢ A" (B). Now<y>I'<x>TB C A.
Ify ¢ V( A"(B)) = VA, then <x >T'B € A and hence x € A" (B), a contradiction.
Soy € V(A" (B)). Therefore A" (B) is a right primary I'-ideal.

THEOREM 4.14 : If Q is a P-primary T-ideal and if A € P, then Q' (A) = Q" (A) = Q and
also if AC Pand A ¢ Q, then V( Q' (A)) = V( Q" (A)) = VQ.

Proof : Clearly Q € Q' (A). Let x € Q' (A). Then < x >T'A € Q. Since A & P, there exists
a€AWP. Now<x>TAc Qanda¢VQ. Sox€Q. Therefore Q' (A) = Q.
Similarly we can show that Q" (A) = Q. The proof of the second part is evident.
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THEOREM 4.15 : If A;, Ag,...... , An B are TI-ideals of a TI-semigroup S, then
n I n
Na)E-Nare.

i=1 i=1

n |
Proof:xe[ﬂAj(B) S <x>I'BCSCNA e <x>TBcA fori=1 2 3...n.

i=1
= xeAB)fori=1,23....,n=x€[)A(B). Similarly we can show that if x € NA{'(B).

i=1

Then x € (NA))' (B). Therefore [hAj (B)=ﬁ(A)'(B).

i=1

THEOREM 4.16 : Suppose a I'-ideal A in a I'-semigroup S has two reduced (one sided)
primary decompositions A = A;NAzN...... NAgk = B1NB,N.....Bs, where A; is P; -primary and
Bj is Qj-primary. Then k = s and after reindexing if necessary P; = Q; fori =1, 2, ....k.
Further if each P; is an isolated prime, then Aij=B;fori=1,2, ....,n.

Proof : Let Py be the maximal lement in the set Py, P, ...., Pk, Q1, Q2, ....., Qs.
Now we show that Py occurs among Q1, Qg, ....., Q..

For this it is enough to show that Px € Q; for some j. If Ax € Q; for some j, Px = VA« € Q;.
Suppose A¢ & Q; for all j. Then by theorem 4.12, B{' (Ay) = B; for all j.

Now A'(Ay) = ( B1NB2N.....NBy) (AW
= B1'(A) N B2'(A) N......NB¢(A), by using theorem 4.12,
=BiNB2N...... NBs = A.
But on the other hand if 1 < i<k, then P, & P; and therefore A, & P;, so that Al'(Al) = A and
AlA) = S.
So we have Al(A) = (A1 N AxN....NAY(A) = A (A) N AJA) N....... N A(A
= A1 N AN....NAk1. Therefore A=A; N AzN....NAga.
It is a contradiction to the fact that given decomposition is reduced.
Thus Ax € Q; for some j and hence Px € Q;. Therefore Py = Q;.
Without loss of generality we may assume that Py = Qs.
Let B = Ax N Bs. By theorem 4.2, B is a primary I'-ideal and Py = Q4( = P say) is a prime I'-ideal
belonging to B. Since P ¢ P;forall i, 1 <i<k and B € Ay, we have A/(B) = A;and A/(B) = S.
Therefore A' (B) = Ay N AzN.....N A1
Similarly we can show that A'(B) = B;NB:N......NBs.1.
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Hence A'(B) = A1 N AxN....NAw: = BiNBaN...... NBs.1 are two reduced primary
decompositions for A'(B) .

By continuing the above process, we get k =sand P;=Q;fori=1,2,...,k

Suppose Pi’s are isolated primes.

If Ay € B, then since B; is primary and AjNAN...... NAx € B1NBoN...... NBk € By,
we have A;NA3N......NA, € VB; = P;.

Now P,NPsN ....... NPy=A N4, N..NA; =Py

Since P; is a prime I'-ideal, P; € P, for some 1 <i <k.

It is a contradiction to the fact that P; is an isolated prime.

So A; € B;. Similarly we can show that B; € A;. Therefore A; = Ba.

By continuing in this way we get A; = B; for somei =1, 2, ...... , K.
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